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Abstract
We examine the QCD evolution for the transverse momentum dependent observables in hard
processes of semi-inclusive hadron production in deep inelastic scattering and Drell-Yan lepton pair
production in pp collisions, including the spin-average cross sections and Sivers single transverse
spin asymmetries. We show that the evolution equations derived by a direct integral of the Collins-
Soper-Sterman evolution kernel from low to high Q can describe well the transverse momentum
distribution of the unpolarized cross sections in the Q2 range from 2 to 100 GeV2. In addition, the
matching is established between our evolution and the Collins-Soper-Sterman resummation with
b∗-prescription and Konychev-Nodalsky parameterization of the non-perturbative form factors,
which are formulated to describe the Drell-Yan lepton pair and W/Z boson production in hadronic
collisions. With these results, we present the predictions for the Sivers single transverse spin
asymmetries in Drell-Yan lepton pair production and W± boson production in polarized pp and
pi−p collisions for several proposed experiments. We emphasize that these experiments will not
only provide crucial test of the sign change of the Sivers asymmetry, but also provide important
opportunities to study the QCD evolution effects.
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I. INTRODUCTION
Transverse momentum dependent (TMD) parton distributions and fragmentation func-
tions are formally introduced as an extension to the parton model description of nucleon
structure and an important tool to calculate hadronic processes. In the last few years,
these distribution functions have attracted great attentions in hadron physics community.
In particular, the novel single transverse spin asymmetries (SSAs) in semi-inclusive hadron
production in deep inelastic scattering processes (SIDIS) observed by the HERMES, COM-
PASS, and JLab Hall A collaborations, have stimulated much theoretical developments. The
TMD factorization provides a solid theoretical framework to understand these spin asym-
metries. Moreover, together with the generalized parton distributions (GPDs), the TMDs
unveil the internal structure of nucleon in a three dimension fashion, the so-called nucleon
tomography. These topics are major emphases in the planed electron-ion collider [1].
An important theoretical aspect of the TMD parton distribution and fragmentation func-
tions is the energy evolution, which was thoroughly studied in the early paper by Collins
and Soper [2]. This evolution is referred as the Collins-Soper (CS) evolution equation. It
has been applied to formulate the perturbative resummation of large double logarithms in
hard scattering processes where transverse momentum distribution are measured. The as-
sociated resummation is called Collins-Soper-Sterman (CSS) [3] resummation, or transverse
momentum resummation. In these hard processes, because of two separate scales, there
exist large double logarithms in each order of perturbative calculations (originally from a
QED calculation by Sudakov [4]), and the relevant resummation has to be taken in the
calculation [3, 5, 6]. For example, in Drell-Yan lepton pair production in pp collisions, the
invariant mass Q is much larger than the total transverse momentum of the lepton pair q⊥,
Q≫ q⊥, where perturbative corrections will induce large logarithms αis (lnQ2/q2⊥)2i−1. The
resummation of these large logarithms are performed by applying the TMD factorization
and the CS evolution. Successful applications have been made to study the low transverse
momentum distribution of Drell-Yan type of processes in hadronic collisions from fixed tar-
get experiments to highest collider energy experiments, such as the Tevatron at Fermilab
and the large hadron collider (LHC) at CERN, see, for example, the relevant publications
in Refs. [7–13].
The resummation for the hard processes are based on the TMD factorization for these
processes [2, 3, 14–18]. Since the definition of the TMDs contains the light-cone singular-
ity [2], the detailed calculations depend on the scheme to regulate this singularity. In the
original paper of Collins-Soper [2], an axial gauge has been used. This was followed by a
gauge invariant approach in Ji-Ma-Yuan with a slight off-light-cone gauge link in covariant
gauge [14] (referred as Ji-Ma-Yuan scheme in the following). A new definition for the TMD
and the associated soft factor has been proposed in Ref. [16] where a subtraction method
was used to regulate the light-cone singularity (referred as Collins-11 in the following), and
the phenomenological applications were presented in Refs. [17, 18]. Although the TMDs
depend on the regularization scheme, the resummation for the physical observables, such as
the differential cross sections and the spin asymmetries, is independent on the scheme. We
will present detailed discussions in the below between the two formalisms of Ref. [14] and
Ref. [16].
To understand the energy evolution of the spin-dependent hard processes, such as the
SSA in SIDIS and Drell-Yan lepton pair production, we need to extend the CS and CSS
derivation to the interested observables [19]. The CS evolution equations for the TMDs
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was extensively discussed in Ref. [20], where the evolution kernel was derived for all the
leading order TMD quark distributions. In particular, for the so-called k⊥-even TMDs, the
evolution is exactly the same as the original CS evolution. For the k⊥-odd ones, a slightly
different form has to be used, but with the same kernel. These evolution equations can be
cross checked with the finite order perturbative calculations, which has been shown to yield
consistent results [21].
Besides the above developments in the investigation of the TMDs in full QCD, recently
an effective theory approach based on the soft-collinear-effective-theory has been applied to
the evolution of the TMDs. Several different schemes are proposed in the literature [22–25].
It has been shown in Ref. [26] that one of the effective theory approach [24] (referred as EIS
in the following) is equivalent to the Collins-11 formalism [16].
Although there are different ways to formulate the TMD distribution and fragmentation
functions, the energy evolution and resummation for the physical observables (including the
differential cross sections and spin asymmetries) will always take the same form as they
should be. Therefore, in this paper, we will focus on the energy evolution for the differential
cross section and spin asymmetries. Of course, to have a solid prediction for the physical
observables, we need to have the TMD factorization proven for the relevant processes. The
SIDIS and Drell-Yan lepton pair production in pp collisions are two examples that a rigorous
TMD factorization has been proven.
The main goal of this paper is to make predictions for the Sivers single spin asymmetries
in Drell-Yan lepton pair production in pp collisions from the constraints from the Sivers
asymmetries observed in SIDIS from HERMES/COMPASS experiments. The TMD factor-
ization and universality has predicted that the Sivers asymmetries in these two processes
differ by a sign, because of difference between the initial/final state interaction [27, 28]. The
Sivers single spin asymmetries in SIDIS have been observed by HERMES/COMPASS/JLab
Hall A collaborations with Q2 at the region from 2 to 4 GeV2 [29–33]. However, the typical
Drell-Yan measurements will be around the region from 42 to 91.192 GeV2 [34–36]. There-
fore, the energy evolution of the associated TMDs is important to carry out a rigorous test of
the sign change prediction. Early calculations are based on the TMD factorization, however,
without the energy evolution effects in the derivation [37–44]. Recently, several studies have
started to take into account the evolution effects [19, 45–47]. In particular, in Ref. [45], a
strong decreasing was found in comparing the SSA in typical Drell-Yan processes to those
observed by HERMES/COMPASS. In this paper, we will carefully examine these predic-
tions, and present a consistent calculation for the energy evolution in both spin-average and
single-spin dependent cross sections. A brief summary has been published earlier [47].
The starting point of our calculations is to build the correct evolution framework which
can describe the known experimental data of the unpolarized cross sections in the associated
processes. One has to test the TMD evolution with the unpolarized cross sections before
they can be applied to spin-dependent cross sections and the spin asymmetries. This is
a very important point, which, unfortunately, is often forgotten in the phenomenological
studies.
We will make use of the successful approach in the CSS resummation. In these formula-
tions, a non-perturbative form factor has to be included. We follow the BLNY and KN calcu-
lations [7, 8], where b∗-prescription of CSS resummation is applied: b→ b∗ = b/
√
1 + b2/b2max
with b the impact parameter. This prescription guarantees that 1/b∗ > 1/bmax ≫ ΛQCD.
The non-perturbative form factor takes a form as (g1 + g2 lnQ/2Q0 + g1g3 ln(100x1x2))b
2
in the impact parameter space with x1 and x2 the longitudinal momentum fractions of the
3
QQ0 ≈ 1/bmax
Quark Sivers Funs.
Moments of Sivers Funs.
ΛQCD
Sivers Single Spin Asymmetry
TMD Evo.Q0 → Q
CSS Resum. 1/b∗ → Q
DY&SIDIS, 4÷ 10GeV W/Z
FIG. 1: Schematic matching for the Sivers single spin asymmetries in hard processes in the region
of Q from 4 to 10 GeV: left, apply the TMD evolution directly from Q0 ≈ 1/bmax to Q; right,
apply CSS resummation with integral from b∗ to Q. The connections between the two evolutions
are the TMD Sivers functions and their transverse-momentum moments. In the overlap region,
both shall yield consistent results for the asymmetries.
incoming nucleons carried by the initial state quark and antiquark. The parametrization
was fitted to the typical Drell-Yan lepton pair production with 4GeV < Q < 12GeV and
W/Z production (Q ∼ 90GeV). By applying the universality argument, these parameteri-
zations should be able to apply in the SIDIS processes for the associated quark distribution
part. However, if we extrapolate the above parameterization down to the typical HER-
MES/COMPASS kinematics where Q2 is around 3GeV2, we can not describe the transverse
momentum distribution of hadron production in these experiments (see the discussion in
Sec. III D). The main reason is that the logarithmic dependence leads to a strong change
around low Q2, which, however, contradicts with the smooth dependence from the exper-
imental observation. It will be interesting to check other forms of non-perturative form
factors to see if they can be extrapolated to HERMES/COMPASS energy region [48, 49].
We will come back to this issue in a future publication.
Meanwhile, for moderate Q2 variation, there is an alternative approach to apply, from
which we can directly solve the evolution by an integral of the kernel from low to high
Q [14]. This is, in particular, useful at relative low Q region, and can be applied to describe
the transverse momentum distributions in SIDIS from HERMES/COMPASS experiments
and fixed target Drell-Yan lepton pair production experiments [47]. This will also help to
build a connection to the ultimate CSS resummation in Drell-Yan and W/Z production. As
illustrated in Fig. 1, in the moderate Q region (including HERMES/COMPASS kinematics
of SIDIS and Drell-Yan process in fixed target experiments), we apply the evolution by a
direct integral of the kernel from relative low Q to relative high Q. In the high Q region
which covers Drell-Yan lepton pair production and W/Z production, we apply the complete
CSS resummation with b∗-prescription (following BLNY/KN parameterization of the non-
perturbative form factors). In the overlap region, we shall obtain a consistent picture for
the transverse momentum distribution of the cross section and the spin asymmetries.
Following this procedure, we will determine the quark Sivers functions from the HER-
MES/COMPASS experiments in SIDIS with Q2-evolution taken into account using direct
integral of the kernel. In particular, we constrain the transverse momentum moments of the
quark Sivers functions, which correspond to the twist-three quark-gluon-quark correlation
4
functions (so-called Qiu-Sterman matrix elements [50, 51]). These are the bases to evaluate
the Sivers single spin asymmetries in the CSS resummation formalism [21]. We then cal-
culate the Sivers asymmetries in Drell-Yan processes with the constrained Sivers functions.
The consistent check is carried out by comparing the predictions between the evolutions done
with direct integral of the kernel from Q0 to Q and that with CSS resummation with integral
of the kernel from 1/b∗ to Q. We notice that in the original BLNY parameterization, there is
a strong x-dependence (which is correlated to the Q2-dependence) in the non-perturbative
form factor [7]. To avoid this strong dependence, we follow an updated fit by Konychev
and Nadolsky [8] which describes equally well the Drell-Yan and W/Z boson data with a
mild dependence on x. We would like to emphasize that the Sivers asymmetries observed
in HERMES/COMPASS experiments mainly focus on the moderate x-region around 0.1,
which is also the typical x-range for the Drell-Yan fixed target experiments 1.
The rest of the paper is organized as follows. In Sec.II, we present a brief review on the
theory of low transverse momentum hard processes as a self-contained introduction. In par-
ticular, we will present the detailed derivations of our previous publication of Ref. [21]. We
will also discuss various TMD factorizations. In Sec.III, we discuss the TMD evolution and
resummation in the context of the transverse momentum dependent differential cross sec-
tions and the Sivers single spin asymmetries. We will illustrate the incompatibility between
the BLNY parameterization of the CSS resummation and the HERMES/COMPASS mea-
surements of the p⊥ distribution in SIDIS process. We will also discuss in detail our approach
to calculate the transverse momentum distribution in this kinematic region, and compare
to the experimental data on multiplicity distribution in SIDIS from HERMES/COMPASS
experiments and Drell-Yan fixed target experiments, and demonstrate that our approach
consistently describe these data with the TMD evolution taken into account. In Sec.IV, we
extend the evolution effects to the Sivers single spin asymmetries measured by the HER-
MES/COMPASS collaborations, and perform a combined analysis. In Sec. V, we present
the predictions for the Sivers asymmetries in Drell-Yan lepton pair productions in the planed
experiments, and W± production at RHIC. We demonstrate the matching between two dif-
ferent calculations. With this, we show the results for the proposed Drell-Yan experiments.
We will emphasize the test of the sign change between SIDIS and Drell-Yan, and highlight
the ability to separate the flavor dependence by combining Drell-Yan/W measurements with
SIDIS results as well. In Sec. VI, we summarize our paper, and discuss further developments.
II. THEORY REVIEW OF LOW TRANSVERSE MOMENTUM HARD PRO-
CESSES
In this section, we present a brief review of the theory background for low transverse
momentum hard processes. Under the context of this paper, the hard processes are hadronic
processes with two separate scales: the invariant mass of virtual photon Q and the transverse
momentum of observed particles q⊥ for lepton pair in Drell-Yan process or Ph⊥ for final state
hadron in SIDIS.
TMD factorization applies in the kinematic region of low transverse momentum: q⊥ ≪
1 Drell-Yan process at RHIC will be able to probe, for the first time, the wide range of x. This will be
important to check the x-dependence of the non-perturbative form factor. Hope this experiment can be
carried out soon.
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Q. As mentioned in the Introduction, large double logarithms will arise from perturbative
gluon radiation. These large logs have been demonstrated in the single transverse spin
dependent differential cross sections as well [21, 52]. In the following, we will summarize these
calculations, and, in particular, present detailed derivations of our previous publication [21].
We will start with the low transverse momentum Drell-Yan lepton pair productions for both
spin averaged and spin-dependent cross sections. We then examine the TMD factorization.
Finally, we extend the discussions to the SIDIS process.
A. Low Transverse Momentum Drell-Yan
In the Drell-Yan lepton pair production in pp collisions, we have
A(PA, S⊥) +B(PB)→ γ∗(q) +X → ℓ+ + ℓ− +X, (1)
where PA and PB represent the momenta of hadrons A and B, and S⊥ for the transverse
polarization vector of A, respectively. We further assume hadron A moving in the +zˆ
direction. Light-cone momentum p± is defined as p± = 1/
√
2(p0 ± pz). Therefore, PA is
dominated by its plus component, whereas PB by its minus component. The single transverse
spin dependent differential cross section can be expressed as
d∆σ(S⊥)
dydQ2d2q⊥
= σ
(DY)
0
(
WUU(Q; q⊥) + ǫ
αβSα⊥W
β
UT (Q; q⊥)
)
, (2)
where q⊥ and y are transverse momentum and rapidity of the lepton pair, σ
(DY)
0 =
4πα2em/3NcsQ
2 with s = (PA + PB)
2, and ǫαβ is defined as ǫαβµνPAµPBν/PA · PB. When
q⊥ ≪ Q, the structure function WUT can be formulated in terms of the TMD factorization
where the quark Sivers function is involved [27, 28], whereas when q⊥ ≫ ΛQCD it can be cal-
culated in the collinear factorization approach in terms of the twist-three quark-gluon-quark
correlation functions [50–52]. It has been shown that the TMD and collinear twist-three
approaches give the consistent results in the intermediate transverse momentum region:
ΛQCD ≪ q⊥ ≪ Q [52, 53]. This consistency allows us to separate WUT into two terms [3],
WUU(Q; q⊥) =
∫
d2b
(2π)2
ei~q⊥·
~bW˜UU(Q; b) + Y
α
UU(Q; q⊥) ,
W αUT (Q; q⊥) =
∫
d2b
(2π)2
ei~q⊥·
~bW˜ αUT (Q; b) + Y
α
UT (Q; q⊥) ,
where the first term dominates in the q⊥ ≪ Q region, while the second term dominates in
the region of q⊥ ∼ Q and q⊥ > Q. The latter is obtained by subtracting the the leading
term of q2⊥/Q
2 from the full perturbative calculation. In this paper, we focus on the low
transverse momentum region, where a TMD factorization is appropriate. We will review how
perturbative corrections modify the differential cross sections, in particular, from the large
logarithms in fixed order calculations. The results for W˜UU,UT up to one-loop corrections
will be shown.
B. Perturbative Contribution in the Small b⊥ Region
To study the QCD dynamics, in particular, to understand the scale evolution of the
TMDs, it is illustrative to have a perturbative calculation for the above quantities at small
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b⊥ limit. It is straightforward to write down the leading Born diagram contributions to W˜UU
and W˜UT ,
W˜
(0)
UU(Q, b) = q(z1)q¯(z2) ,
W˜
(0)α
UT (Q, b) =
(−ibα⊥
2
)
TF (z1, z1)q¯(z2) , (3)
where z1 = Q/
√
sey, z2 = Q/
√
se−y, q(z1) and q¯(z2) are the integrated quark and anti-
quark distribution functions. The single transverse spin asymmetry comes from the quark
Sivers function TF (z1, z1) =
∫
d2k⊥k
2
⊥/Mf
⊥(DY )
1T (z1, k⊥)
2. The Sivers function f⊥1T follows
the Trento convention [54]. Since it is process dependent, we adopt that in the Drell-Yan
process to calculate the transverse-momentum moment, which is also defined as twist-three
quark-gluon-quark correlation function,
TF (x1, x2) =
∫
dξ−dη−
4π
ei(k
+
q1η
−+k+g ξ
−) ǫβα⊥ S⊥β
× 〈PS|ψ(0)L(0, ξ−)γ+gF +α (ξ−)L(ξ−, η−)ψ(η−)|PS〉 , (4)
where x1 = k
+
q1/P
+ and x2 = k
+
q2/P
+ , while xg = k
+
g /P
+ = x2 − x1, L is the light-cone
gauge link to make the above definition gauge invariant.
At one-loop order, the gluon radiation contribution comes from real and virtual diagrams.
The real diagrams have been calculated in the literature [52], and we can write down the
results as [52]
WUU(Q, q⊥)|q⊥≪Q =
αs
2π2
CF
1
q2⊥
∫
dx
x
dx′
x′
q(x)q¯(x′)
{[(
1 + ξ21
(1− ξ1)+ +
D − 2
2
(1− ξ2)
)
δ(1− ξ1)
+(ξ1 ↔ ξ2)] + 2δ(1− ξ1)δ(1− ξ2) ln Q
2
q2⊥
}
(5)
W αUT (Q, q⊥)|q⊥≪Q =
αs
2π2
qα⊥
(q2⊥)
2
∫
dx
x
dx′
x′
q¯(x′)
{
TF (x, x)δ(1 − ξ1)
(
1 + ξ22
(1− ξ2)+ +
D − 2
2
(1− ξ2)
)
+2CFTF (x, x)δ(1− ξ1)δ(1− ξ2) ln Q
2
q2⊥
+ δ(1− ξ2)CA
2
TF (x, z1)
1 + ξ1
(1− ξ1)+
+δ(1− ξ2) 1
2NC
[(
x
∂
∂x
TF (x, x)
)
(1 + ξ21) + TF (x, x)
(1− ξ1)2(2ξ1 + 1)− 2
(1− ξ1)+
]
+δ(1− ξ2) 1
2NC
TF (x, x)
D − 2
2
(1− ξ1)
}
, (6)
where ξ1 = z1/x and ξ2 = z2/x
′, and we have kept the ǫ = (2 − D)/2 (with D represents
the transverse dimension in the dimension regulation) term in the above calculations. After
Fourier transformation into the impact parameter space, this will lead to a finite contri-
bution. In the above results, we only keep the soft and hard gluon pole contributions in
the qq¯ channel for the single spin asymmetry calculations. All other contributions can be
formulated similarly.
2 Transverse-momentum moment of the Sivers function defined in [54] as f
⊥(1)
1T (z1) differs from TF by a
normalization factor 1/2M . In this paper, TF follows the definition of Ref. [52].
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Applying the Fourier transform formulas we listed in the Appendix, we obtain the fol-
lowing result for the real gluon radiation contribution to W˜UU(Q; b) at one-loop order,
W˜
(r)
UU(b) =
αs
2π
CF
{[
−1
ǫ
+ ln
c20
b2⊥µ
2
] [
1 + ξ21
(1− ξ1)+ δ(1− ξ2) +
1 + ξ22
(1− ξ2)+ δ(1− ξ1)
]
+2δ(1− ξ1)δ(1− ξ2)
[
1
ǫ2
− 1
ǫ
ln
Q2
µ2
+
1
2
(
ln
Q2
µ2
)2
− 1
2
(
ln
Q2b2⊥
c20
)2
− π
2
12
]
+(1− ξ1)δ(1− ξ2) + (1− ξ2)δ(1− ξ1)} , (7)
where c0 = 2e
−γE and a common integral
∫
dxdx′/xx′ as that in Eq. (6) has been omitted
for simplicity. To arrive the above result, we have applied the MS subtraction scheme
with µ2 → 4πe−γEµ2. This is different from the MS used in the Collins book [16] (see the
discussions below).
The above result contains collinear and soft divergences. The soft divergences shall
be cancelled by the virtual diagrams, whereas the collinear divergences absorbed into the
renormalization of the parton distributions. The virtual diagrams contributes
W˜
(v)
UU =
αs
2π
[
− 2
ǫ2
− 3
ǫ
+
2
ǫ
ln
Q2
µ2
+
7
6
π2 + 3 ln
Q2
µ2
−
(
ln
Q2
µ2
)2
− 8
]
δ(1− ξ1)δ(1− ξ2) . (8)
Adding them together, we will have
W˜UU(Q, b) =
αs
2π
CF
{(
−1
ǫ
+ ln
c20
b2µ2
)
(Pq→q(ξ1)δ(1− ξ2) + Pq→q(ξ2)δ(1− ξ1))
+(1− ξ1)δ(1− ξ2) + (1− ξ2)δ(1− ξ1)
+δ(1− ξ1)δ(1− ξ2)
[
3 ln
Q2b2
c20
−
(
ln
Q2b2
c20
)2
+ π2 − 8
]}
, (9)
where Pq→q(ξ) =
(
1+ξ2
1−ξ
)
+
is the quark splitting kernel.
Similarly, for the single-spin dependent cross section, we have for the real diagram con-
tributions,
W˜
α(r)
UT =
αs
2π
(−ibα⊥
2
)
q¯(x′)
{(
−1
ǫ
+ ln
c20
b2⊥µ
2
)[
1 + ξ22
(1− ξ2)+TF (x, x)δ(1− ξ1) + δ(1− ξ2)
×
(
CA
2
TF (x, z1)
1 + ξ1
(1− ξ1)+ +
1
2NC
TF (x, x)
( −1− ξ21
(1− ξ1)+ − 2δ(1− ξ1)
))]
+2CFTF (x, x)δ(1− ξ1)δ(1− ξ2)
[
1
ǫ2
− 1
ǫ
ln
Q2
µ2
+
1
2
(
ln
Q2
µ2
)2
− 1
2
(
ln
Q2b2⊥
c20
)2
− π
2
12
]
−2CFTF (x, x)δ(1− ξ1)δ(1− ξ2)
(
−1
ǫ
+ ln
c20
b2µ2
)
+
(
− 1
2Nc
)
TF (x, x)(1− ξ1)δ(1− ξ2) + CFTF (x, x)(1 − ξ2)δ(1− ξ1)
}
, (10)
where we have simplified the expression by integrating out the partial derivative in Eq. (6).
The last second line comes from the second term in the Fourier transform formula of Eq. (A4)
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in the Appendix 3. The virtual contribution has the similar form as Eq. (8). After adding
them together, we find that the total contribution at one-loop order,
WUT =
αs
2π
(−ibα⊥
2
){(
−1
ǫ
+ ln
c20
b2µ2
)(PTqg→qg ⊗ TF (z1)δ(1− ξ2) + CFPq→q(ξ2)TF (z1, z1)δ(1− ξ1))
+TF (x, x)
[(
− 1
2Nc
)
(1− ξ1)δ(1− ξ2) + CF (1− ξ2)δ(1− ξ1)
]
+δ(1− ξ1)δ(1− ξ2)TF (z1, z1)CF
[
3 ln
Q2b2
c20
−
(
ln
Q2b2
c20
)2
+ π2 − 8
]}
, (11)
where Pq→q(ξ) is the same as above, and the splitting kernel for the Sivers function can be
written as
PTqg→qg ⊗ TF (z) =
∫
dx
x
{
TF (x, x)
[
CF
(
1 + ξ2
1− ξ
)
+
− CAδ(1− ξ)
]
+
CA
2
(
TF (x, z)
1 + ξ
1 − ξ − TF (x, x)
1 + ξ2
1− ξ
)}
, (12)
which agrees with recent calculations for the splitting kernel for the part involved in the
above calculations [58–61].
In the above results, the one-loop corrections Eqs. (9,11) clearly demonstrate large loga-
rithms. To resum these large logs, we need to apply the TMD factorization, and solve the
relevant evolution equation. Although the different TMD schemes have been used in the
literature, the final evolution for the structure functions W˜UU,UT remain the same. First, we
examine the TMD factorization for the perturbative calculations at one-loop order.
C. Sivers Quark Distributions and TMD factorization
To demonstrate the factorization, we calculate the TMD quark and antiquark distri-
butions, and show that the collinear part of the structure functions calculated in the last
subsection can be absorbed into these TMD distributions. It has been known that, however,
there is scheme-dependence in the TMD definitions. Therefore, the hard factors will also
depend on which scheme you choose to calculate the TMDs. The scheme dependence comes
from the fact that the TMD distributions have light-cone singularity, and different ways to
regulate this singularity define different schemes of the TMD distributions.
1. Ji-Ma-Yuan Scheme
In the Ji-Ma-Yuan scheme, the light-cone gauge link in the TMD definition is chosen to
be slightly off-light-cone, n = (1−, 0+, 0⊥) → v = (v−, v+, 0⊥) with v− ≫ v+. Similarly, for
the TMD for the antiquark distribution, v˜ was introduced, v˜ = (v˜−, v˜+, 0⊥) with v˜
+ ≫ v˜−.
3 This term accounts for the partial difference between previous calculations of Refs. [55–57] and Ref. [58]
on the splitting kernel for TF (x, x). In particular, after adding a similar contribution in the calculation
of Ref. [55], it can be shown that the derivation in Ref. [55] agrees with that in Ref. [58].
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Because of the additional v and v˜, there are additional invariants: ζ21 = (2v · PA)2/v2,
ζ22 = (2v˜ · PB)2/v˜2, and ρ2 = (2v · v˜)2/v2v˜2. The TMD quark distributions of a polarized
proton is defined through the following matrix:
Mαβ = P+
∫
dξ−
2π
e−ixξ
−P+
∫
d2b⊥
(2π)2
ei
~b⊥·~k⊥
×
〈
PS
∣∣∣ψβ(ξ−, 0,~b⊥)L†v(−∞; ξ)Lv(−∞; 0)ψα(0)∣∣∣PS〉 , (13)
with the gauge link
Lv(−∞; ξ) ≡ exp
(
−ig
∫ −∞
0
dλ v · A(λv + ξ)
)
. (14)
This gauge link goes to −∞, indicating that we adopt the definition for the TMD quark
distributions for the Drell-Yan process. Keeping only the unpolarized quark distribution
and the Sivers function, we have the following expansion for the matrix M:
M = 1
2
[
q(x, k⊥)γµP
µ +
1
M
f⊥1T (x, k⊥) ǫµναβγ
µP νkαSβ + . . .
]
(15)
where q(x, k⊥) is the TMD distribution in an unpolarized proton, f
⊥
1T (x, k⊥) is the Sivers
function, and M is a hadron mass, used to normalize q(x, k⊥) and f
⊥
1T (x, k⊥) to the same
mass dimension.
First, the soft factor has been calculated,
S(b⊥) =
αs
2π
CF ln
b2µ2
c20
(
2− ln ρ2) . (16)
The calculations of the TMDs in the Ji-Ma-Yuan is straightforward, and we find that the
quark distribution can be written as,
q(z, k⊥)|real = αs
2π2
1
k2⊥
CF
∫
dx
x
q(x)
{
1 + ξ2
(1− ξ)+ +
D − 2
2
(1− ξ) + δ(1− ξ)
(
ln
z2ζ2
k2⊥
− 1
)}
,
(17)
where ξ = z/x and in the impact parameter space,
q(z, b⊥)|real = αs
2π
CF
{(
−1
ǫ
+ ln
c20
b2µ2
)[
1 + ξ2
(1− ξ1)+ − δ(1− ξ)
]
+ (1− ξ)
+δ(1− ξ)
[
1
ǫ2
− 1
ǫ
ln
z2ζ2
µ2
+
1
2
(
ln
z2ζ2
µ2
)2
− 1
2
(
ln
z2ζ2b2⊥
c20
)2
− π
2
12
]}
.(18)
The virtual diagram contributes,
q(z, b⊥)|vir = αs
2π
δ(1− ξ)
[
− 1
ǫ2
− 5
2ǫ
+
1
ǫ
ln
ζ2
µ2
+ ln
ζ2
µ2
− 1
2
(
ln
z2ζ2
µ2
)2
− 5
12
π2 − 2
]
.(19)
Adding them together, we have
q(z, b⊥) =
αs
2π
CF
{(
−1
ǫ
+ ln
c20
b2µ¯2
)
Pq→q(ξ)− δ(1− ξ) ln c
2
0
b2µ2
+ (1− ξ)
+δ(1− ξ)
[
3
2
ln
b2µ2
c20
+ ln
z2ζ2
µ2
− 1
2
(
ln
z2ζ2b2⊥
c20
)2
− 2− π
2
2
]}
. (20)
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Similar expression can be written for the antiquark distribution. According to the TMD
factorization, we can subtract the quark distribution, antiquark distribution and the soft
factor, and obtain the hard factor,
WUU(Q; b) = q(z1, b, ζ1)q¯(z2, b, ζ2)HUU(Q) (S(b, ρ))
−1 . (21)
Applying these results, we have the following result for the hard factor,
HUU(Q) =
αs
2π
CF
[
ln
Q2
µ2
+ ln ρ2 ln
Q2
µ2
− ln ρ2 + ln2 ρ+ 2π2 − 4
]
, (22)
where z21z
2
2ζ
2
1ζ
2
2 = ρ
2Q4 has been used to simplify the hard factor.
We can follow the same procedure to calculate that for the Sivers asymmetry. The TMD
quark Sivers function can be written as,
f⊥1T (z, k⊥) =
αs
2π2
M
(k2⊥)
2
∫
dx
x
{
CA
2
TF (x, z)
1 + ξ
(1− ξ)+ + TF (x, x)
−1
2Nc
D − 2
2
(1− ξ)
+
1
2NC
[(
x
∂
∂x
TF (x, x)
)
(1 + ξ2) + TF (x, x)
(1− ξ)2(2ξ + 1)− 2
(1− ξ)+
]
+TF (x, x)δ(1 − ξ)CF
(
ln
x2ζ2
k2⊥
− 2
)}
. (23)
We note a factor of (-2) in the last term, which is different from that in Ref. [52]. This comes
from a sub-leading expansion contribution from the soft-pole and hard-pole diagrams, which
was omitted in Ref. [52]. This term will contribute to the collinear singularity when Fourier
transforming into the impact parameter space. Adding the virtual diagram contributions,
we will have total result in the impact parameter space,
f˜α1T (z, b) =
αs
2π
(−ibα⊥
2
){(
−1
ǫ
+ ln
c20
b2µ2
)
PTqg→qg ⊗ TF (z)
−δ(1− ξ)TF (x, x)CF ln c
2
0
b2µ2
− 1
2Nc
TF (x, x)(1 − ξ)
+δ(1− ξ)TF (x, x)CF
[
3
2
ln
b2µ2
c20
+ ln
z2ζ2
µ2
− 1
2
(
ln
z2ζ2b2⊥
c20
)2
− 2− π
2
2
]}
,(24)
at one-loop order. By subtraction, we obtain the hard factor for the Sivers single spin
asymmetry in Drell-Yan process,
HUT (Q) = HUU(Q) =
αs
2π
CF
[
ln
Q2
µ2
+ ln ρ2 ln
Q2
µ2
− ln ρ2 + ln2 ρ+ 2π2 − 4
]
. (25)
This is an important result, as it shows that the hard factor is spin-independent.
2. Collins-11
In 2011, Collins introduces a new definition for the TMDs, where the soft gluon and
light-cone singularities are subtracted in the TMDs from the beginning. As a result, there
is no soft factor in the factorization formula, which is absorbed into the definition of PDF.
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From its definition, we find that the real diagram contribution can be written as [16]
qJCC(z, k⊥)|real = αs
2π2
1
k2⊥
CF
∫
dx
x
q(x)
{
1 + ξ2
(1− ξ)+ +
D − 2
2
(1− ξ) + δ(1− ξ)
(
ln
ζ2c
k2⊥
)}
,
(26)
where ζc is defined as ζ
2
c = (z1P
+
A )
2e−2yn with yn the rapidity cutoff to regulate the light-cone
singularity. The virtual diagram for qJCC only contributes to the counter terms,
qJCC(z, b⊥)|vir = αs
2π
δ(1− ξ)
[
− 1
ǫ2
− 3
2ǫ
+
1
ǫ
ln
ζ2c
µ2
]
, (27)
where, to be consistent, we have followed the Sǫ = (4π)
ǫ/Γ(1 − ǫ) prescription of MS sub-
traction of Ref. [16].
Therefore, the total quark distribution can be written as,
qJCC(z, b⊥) =
αs
2π
CF
{(
−1
ǫ
+ ln
c20
b2µ¯2
)
Pq→q(ξ) + (1− ξ)
+δ(1− ξ)
[
3
2
ln
b2µ2
c20
+
1
2
(
ln
ζ2c
µ2
)2
− 1
2
(
ln
ζ2c b
2
⊥
c20
)2]}
. (28)
We notice that an additional term of (−π2
12
) shall be added to the above equation if we
use the MS subtraction method of the last subsection, see, also the detailed discussions in
Ref. [26]. To calculate the hard factor in this scheme, we apply the factorization
WUU(Q; b) = qJCC(z1, b, ζc)q¯JCC(z2, b, ζc¯)H
(JCC)
UU (Q) . (29)
The hard factor can be calculated [16],
H
(JCC)
UU (Q) =
αs
2π
CF
[
3 ln
Q2
µ2
+ ln2
Q2
µ2
+
1
2
π2 − 8
]
, (30)
We notice that the different MS subtraction method will lead to different hard factors in
Collins-11 scheme for the TMD definition [26]. In particular, the MS subtraction used in the
last sub-section will add additional term of π2/6 in the above hard factor. This is because
the Collins-11 definition of the TMD distribution, there is a double pole 1/ǫ2 in the UV
divergence in the dimensional regulation for the virtual diagram [26].
For the Sivers function, the calculations can follow similarly. The real diagram contribu-
tion for the quark Sivers function can be calculated in the Collins-11 definition,
f
(JCC)⊥
1T (z, k⊥) =
αs
2π2
M
(k2⊥)
2
∫
dx
x
{
CA
2
TF (x, z)
1 + ξ
(1− ξ)+ + TF (x, x)
−1
2Nc
D − 2
2
(1− ξ)
+
1
2NC
[(
x
∂
∂x
TF (x, x)
)
(1 + ξ2) + TF (x, x)
(1− ξ)2(2ξ + 1)− 2
(1− ξ)+
]
+TF (x, x)δ(1− ξ)CF
(
ln
ζ2c
k2⊥
− 1
)}
. (31)
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Virtual diagram is the same as the unpolarized case, and the total quark Sivers function in
b-space,
f˜
(JCC)α
1T (z, b) =
αs
2π
(−bα⊥
2
){(
−1
ǫ
+ ln
c20
b2µ2
)
PTqg→qg ⊗ TF (z)−
1
2Nc
TF (x, x)(1 − ξ)
+δ(1− ξ)CF
[
3
2
ln
b2µ2
c20
+
1
2
(
ln
ζ2c
µ2
)2
− 1
2
(
ln
ζ2c b
2
⊥
c20
)2]}
, (32)
where, again, we have followed the Sǫ prescription for MS subtraction in Collins-11 definition
of the TMDs. Again, we find that the hard factor can be calculated
H
(c)
UT (Q) = H
(c)
UU(Q) =
αs
2π
CF
[
3 ln
Q2
µ2
+ ln2
Q2
µ2
+
1
2
π2 − 8
]
. (33)
Again, if we choose the MS subtraction method of the last sub-section, we would add
additional term of π2/6 to the above hard factor.
3. Echevarria-Idilbi-Scimemi (EIS)
In a recent publication by Collins and Rogers [26], it has been shown that EIS version [24]
of the soft-collinear-effective-theory approach for the TMD quark distribution is equivalent
to that of the Collins-11 approach. Therefore, the calculations in the previous subsection
can be carried out similarly for EIS TMD quark distributions. We omit the details of this
calculation.
D. Semi-inclusive DIS
In this subsection, we briefly review the calculations for the semi-inclusive hadron pro-
duction in deep inelastic scattering. Much of the results presented above can be followed.
For SIDIS, we have,
e(ℓ) + p(P )→ e(ℓ′) + h(Ph) +X , (34)
which proceeds through exchange of a virtual photon with momentum qµ = ℓµ − ℓ′µ and
invariant mass Q2 = −q2. When Ph⊥ ≪ Q, the TMD factorization applies, according which
the differential SIDIS cross section may be written as
dσ(S⊥)
dxBdydzhd2 ~Ph⊥
= σ
(DIS)
0 ×
[
FUU + ǫ
αβSα⊥F
β
sivers
]
, (35)
where σ
(DIS)
0 = 4πα
2
emSep/Q
4×(1−y+y2/2)xB with usual DIS kinematic variables y, xB and
Q2, zh = Ph ·P/q ·P , Ph⊥ the transverse momentum of the final state hadron respect to the
lepton plane, and where φS and φh are the azimuthal angles of the proton’s transverse polar-
ization vector and the transverse momentum vector of the final-state hadron, respectively.
We only keep the terms we are interested in: FUU corresponds to the unpolarized cross sec-
tion, and Fsivers to the Sivers function contribution to the single-transverse-spin asymmetry.
FUU and Fsivers depend on the kinematical variables, xB, zh, Q
2, y, and Ph⊥. Similar to that
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in the Drell-Yan process, at low transverse momentum (Ph⊥ ≪ Q) the structure functions
can be formulated in terms of the TMD factorization, and they can be written into two
terms,
FUU(Q; q⊥) =
∫
d2b
(2π)2
ei~q⊥·
~bF˜UU(Q; b) + YUU(Q; q⊥) , (36)
F αUT (Q; q⊥) =
∫
d2b
(2π)2
ei~q⊥·
~bF˜ αUT (Q; b) + Y
α
UT (Q; q⊥) , (37)
where the first term dominates in Ph⊥ ≪ Q region, and the second term dominates in the
region of Ph⊥ ∼ Q and Ph⊥ > Q. Again, the latter is obtained by subtracting the leading
term of P 2h⊥/Q
2 from the full perturbative calculation.
One perturbative gluon radiation contributes to finite k⊥ for the differential cross section,
FUU |Ph⊥≪Q =
αs
2π2
1
~P 2h⊥
CF
∫
dxdz
xz
q(x)D(z)
{(
1 + ξ2
(1− ξ)+ +
D − 2
2
(1− ξ)
)
δ(ξˆ − 1)
+
(
1 + ξˆ2
(1− ξˆ)+
+
D − 2
2
(1− ξˆ)
)
δ(ξ − 1) + 2δ(ξ − 1)δ(ξˆ − 1) ln z
2
hQ
2
~P 2h⊥
}
,(38)
where ξ = xB/x and ξˆ = zh/z, q(x) represents the integrated quark distribution, D(z) the
fragmentation function. Similarly, for the single-transverse-spin dependent cross section, we
have
F βUT |Ph⊥≪Q = −
zhP
β
h⊥
(~P 2h⊥)
2
αs
2π2
∫
dxdz
xz
D(z)
{
CFTF (x, x)δ(ξ − 1)
(
1 + ξˆ2
(1− ξˆ)+
+
D − 2
2
(1− ξˆ)
)
+δ(ξˆ − 1) 1
2NC
[(
x
∂
∂x
TF (x, x)
)
(1 + ξ2) + TF (x, x)
(1− ξ)2(2ξ + 1)− 2
(1− ξ)+
]
+δ(ξˆ − 1)
[
CA
2
TF (x, x− x̂g) 1 + ξ
(1− ξ)+ +
(
− 1
2Nc
)
TF (x, x)
D − 2
2
(1− ξ)
]
+2δ(ξˆ − 1)δ(ξ − 1)CFTF (x, x) ln z
2
hQ
2
~P 2h⊥
}
, (39)
where xˆg = (1− ξ)x = x− xB.
By applying the Fourier transform (some of the useful integrals are listed in the Ap-
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pendix), we obtain the following result for F˜UU(Q, b) and F˜
β
UT (Q, b),
F˜UU |real = αs
2π
CF
1
ξˆ
{[
−1
ǫ
+ ln
c20
b2⊥µ
2
][
1 + ξ2
(1− ξ)+ δ(1− ξˆ) +
1 + ξˆ2
(1− ξˆ)+
δ(1− ξ)
]
+2δ(1− ξ)δ(1− ξˆ)
[
1
ǫ2
− 1
ǫ
ln
Q2
µ2
+
1
2
(
ln
Q2
µ2
)2
− 1
2
(
ln
Q2b2⊥
c20
)2
− π
2
12
]
+(1− ξ)δ(1− ξˆ) + (1− ξˆ)δ(1− ξ)
}
,
F˜ βUT |real =
αs
2π
1
ξˆ
(
ibα⊥
2
)
D(z)
{(
−1
ǫ
+ ln
c20
b2⊥µ
2
)[
1 + ξˆ2
(1− ξˆ)+
TF (x, x)δ(1− ξ) + δ(1− ξˆ)
×
(
CA
2
TF (x, z1)
1 + ξ
(1− ξ)+ +
1
2NC
TF (x, x)
(−1− ξ2
(1− ξ)+ − 2δ(1− ξ)
))]
+2CFTF (x, x)δ(1− ξ)δ(1− ξˆ)
[
1
ǫ2
− 1
ǫ
ln
Q2
µ2
+
1
2
(
ln
Q2
µ2
)2
− 1
2
(
ln
Q2b2⊥
c20
)2
− π
2
12
]
−2CFTF (x, x)δ(1− ξ)δ(1− ξˆ)
(
−1
ǫ
+ ln
c20
b2µ2
)
+
(
− 1
2Nc
)
TF (x, x)(1− ξ)δ(1− ξˆ) + CFTF (x, x)(1− ξˆ)δ(1− ξ)
}
, (40)
Clearly, the real diagrams contributions contain soft divergence, which will be cancelled by
the virtual diagrams contributions. The virtual diagram contributes to a factor,
αs
2π
[
− 2
ǫ2
− 3
ǫ
+
2
ǫ
ln
Q2
µ2
+
1
6
π2 + 3 ln
Q2
µ2
−
(
ln
Q2
µ2
)2
− 8
]
, (41)
which differs from that for Drell-Yan process by a term of π2. After canceling out these
divergences, we have the total contribution at one-loop order,
F˜UU =
αs
2π
CF
{(
−1
ǫ
+ ln
c20
b2µ2
)(
Pq→q(ξ)δ(1− ξˆ) + 1
ξˆ
Pq→q(ξˆ)δ(1− ξ)
)
+(1− ξ)δ(1− ξˆ) + 1
ξˆ
(1− ξˆ)δ(1− ξ)
+δ(1− ξ)δ(1− ξˆ)
[
3 ln
Q2b2
c20
−
(
ln
Q2b2
c20
)2
− 8
]}
,
F˜ βUT =
αs
2π
(
ibα⊥
2
){(
−1
ǫ
+ ln
c20
b2µ2
)(
PTqg→qg(ξ)δ(1− ξˆ) +
1
ξˆ
Pq→q(ξˆ)CF δ(1− ξ)
)
+
(
− 1
2Nc
)
(1− ξ)δ(1− ξˆ) + CF 1
ξˆ
(1− ξˆ)δ(1− ξ)
+δ(1− ξ)δ(1− ξˆ)CF
[
3 ln
Q2b2
c20
−
(
ln
Q2b2
c20
)2
− 8
]}
. (42)
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The sign change between the Sivers single spin asymmetries in DIS and Drell-Yan lepton
pair production in pp collisions can be seen by comparing the above equation with Eq. (11).
Applying the TMD factorization, we will obtain the hard factors in the Ji-Ma-Yuan scheme,
H
(DIS)
UT (Q) = H
(DIS)
UU (Q) =
αs
2π
CF
[
ln
Q2
µ2
+ ln ρ2 ln
Q2
µ2
− ln ρ2 + ln2 ρ+ π2 − 4
]
. (43)
There is difference of π2 in the hard factors as compared to those in the Drell-Yan processes.
Similar calculations can be performed for the Collions-11 TMDs. We omit these details.
III. TMD EVOLUTION AND RESUMMATION
From the above calculations, we find that the fixed order calculations contain large loga-
rithms. In order to resum these large logarithms, we have to apply the TMD evolution. The
resummation can be performed by solving various evolution equations and renormalization
group equations. In particular, the TMDs obey the so-called Collins-Soper evolution equa-
tion, whose solution shall resum all the double logarithms. Additional single logarithms can
be resummed by the renormalization group equation. Although there are different ways to
define the TMDs, the final results for the resummed cross sections take the unique forms, in
particular, in terms of the collinear parton distributions and correlation functions (in case
of azimuthal angular asymmetries in the hard processes such as the Sivers effects). All the
scheme dependence in the TMD definition cancels out in the final resummation form. In
the following, we will review a straightforward derivation following Collins-Soper-Sterman
1985. The derivation is carried out for the differential cross sections, such as the structure
functions discussed in the last section: W˜UU,UT , F˜UU,sivers.
A. TMD Evolution
The TMD evolution was first derived in the context for the spin average cross section.
The extension to the k⊥-odd observables was discussed in Ref. [20], which showed that the
evolution kernel is the same as that for the unpolarized case. Following this derivation, we
will find out that the single spin dependent structure function, e.g., F˜ αsivers obey the following
evolution equation,
∂
∂ lnQ2
F˜ αsivers(Q; b) = (K(b, µ) +G(Q, µ)) F˜
α
sivers(Q; b) , (44)
where K and G are the associated soft and hard part in the evolution kernel. The above
evolution can be derived from the relevant Collins-Soper evolution equation for the TMD
quark distribution and fragmentation functions. The coefficients can also be obtained by
comparing to the one-loop calculation we have showed in the last section. In particular, at
one-loop order, we find that
K +G = −αsCF
π
(
ln
Q2b2
c20
− 3
2
)
, (45)
which is the same for all the structure functions we discussed in the last section. The soft
part K(b, µ) can be derived from the evolution of the TMD parton distribution, and it is
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known at one-loop order,
K(b, µ) = −αsCF
π
ln
b2µ2
c20
, (46)
which again is the same for all the structure functions. Therefore, at one-loop order, G can
be written as
G(Q, µ) = −αsCF
π
(
ln
Q2
µ2
− 3
2
)
. (47)
To solve the evolution equation, we apply the renormalization equation for K and G ,
∂
∂ lnµ
K(b, µ) = −γK = − ∂
∂ lnµ
G(Q, µ) , (48)
where γK is the well-known cusp anomalous dimension. At one-loop order, K = −2αsCF/π.
By solving the above renormalization equation, we find that,
K(b, µ) +G(Q, µ) = K(b, µL) +G(Q,C2/Q)−
∫ C2/Q
µL
dµ
µ
γK , (49)
where we have chosen the upper limit of the integral around scale Q, i.e., C2 is order
1. Substituting the above result into the evolution equation, and taking into account the
running effects in K, we will obtain,
F˜ αsivers(Q; b) = F˜
α
sivers(Q0/C2; b)e
−S(Q,Q0,b,C2) . (50)
The Sudakov form factor reads as,
S(Q,Q0, b, C2) =
∫ C2Q
Q0
dµ¯
µ¯
[
ln
(
C2Q
2
µ¯2
)
A(bQ0, µ¯) +B(C2, bQ0, µ¯)
]
, (51)
where A and B are defined as
A(bQ0, µ¯) = γK(µ¯) + β
∂
∂g
K(b, Q0, g(µ¯)) ,
B(C2, bQ0, µ¯) = −2K(b, Q0, g(µ¯))− 2G(Q,Q/C2, g(µ¯)) . (52)
The A, B coefficients can be calculated order by order in perturbation theory.
B. CSS Resummation and b∗-prescription
In the CSS resummation, Q0 has to be set around 1/b to further absorb logarithms in
the form factor,
F˜ αsivers(Q; b)|css = F˜ αsivers(C1/C2/b; b)e−S(Q,C1/b,b,C2) . (53)
With this choice, A and B coefficients can be expanded as perturbative series A =∑
i(αs/π)
iA(i). Furthermore, in the CSS resummation F˜ αsivers(C1/C2/b; b) is calculated in
the collinear factorization in terms of collinear parton distributions and correlation func-
tions,
F˜ αsivers(C1/C2/b; b) =
∫
∆CT (C1/C2, b⊥µ)⊗ TF (z1, z2;µ)C(C1/C2, b⊥µ)⊗D(z;µ) , (54)
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where TF (z1, z2;µ) represents the moment of the quark Sivers function and D(z, µ) the
integrated fragmentation function. From the results in the last section, we can immediately
obtain the associated coefficients. In practice, a canonical choice is normally made for C1
and C2: C1 = c0 and C2 = 1, which we will follow in our calculations,
F˜ αsivers(Q; b)|css = F˜ αsivers(c0/b; b)e−Spert(Q,b) , (55)
where Spert is written as
Spert(Q, b) =
∫ Q
c0/b
dµ¯
µ¯
[
A ln
Q2
µ¯2
+B
]
. (56)
We would like to emphasize again, the above resummation formula do not depend on the
scheme to define the transverse momentum dependent parton distributions. The A, B, C
coefficients can be calculated from perturbative diagrams once the factorization been estab-
lished. In particular, for unpolarized Drell-Yan process, A coefficient has been calculated
up to A(3), while for B up to B(2). Most recently, C coefficients have been calculated up to
C(2) as well. For single-spin dependent cross section, from the results in the last section, we
shall be able to obtain A(1), B(1), and C(1). Since A(2,3) are spin-independent, they shall be
the same as the unpolarized cross sections. In the following numeric calculations, we only
keep A(1) and B(1) as example to demonstrate the evolution effects.
In the above equations, the Fourier transformation to obtain the transverse momentum
distribution involves the large b region, where the integral will encounter the so-called Landau
pole singularity. In order to avoid the Landau pole singularity, it was suggested the b∗
prescription [3] 4,
b⇒ b∗ = b/
√
1 + b2/b2max , bmax < 1/ΛQCD , (57)
where bmax is a parameter. From the above definition, b∗ is always in the perturbative region
where bmax is normally chosen to be around 1GeV
−1. Because of the introduction of b∗ in
the Sudakov form factor, the difference from the original form factor requires additional
non-perturbative form factor, and a generic form as suggested,
SNP = g2(b) lnQ/Q0 + g1(b) . (58)
Therefore, the final Sudakov form factor can be written as
Ssud ⇒ Spert(Q; b∗) + SNP (Q; b) . (59)
With the non-perturbative form factor, we can write down final results for the structure
functions as,
W˜UU(Q; b) = e
−Spert(Q2,b∗)−SNP (Q,b)Σi,jC
(DY )
qi ⊗ fi/A(z1)C(DY )q¯j ⊗ fj/B(z′2) , (60)
W˜ αUT (Q; b) =
(−ibα⊥
2
)
e−Spert(Q
2,b∗)−STNP (Q,b)Σi,j∆C
T (DY )
qi ⊗ f (3)i/A(z′1, z′′1 )C(DY )q¯j ⊗ fj/B(z′2),(61)
F˜UU(Q; b) = e
−Spert(Q2,b∗)−SNP (Q,b)Σi,jC
(DIS)
qi ⊗ fi/A(z1)Cˆ(DIS)qj ⊗Dj/B(z′2) , (62)
F˜ αsivers(Q; b) =
(−ibα⊥
2
)
e−Spert(Q
2,b∗)−STNP (Q,b)Σi,j∆C
T (DIS)
qi ⊗ f (3)i/A(z′1, z′′1)Cˆ(DIS)qj ⊗Dj/B(z′2) .(63)
4 Besides the b∗-prescription, there are other approaches in the literature, see, for example, Refs. [9–13, 22,
23, 25].
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Because the Q2 evolution for the Sivers term is the same as the unpolarized case, there shall
be no difference in the perturbative part of the Sudakov form factor Spert(Q2, b∗). The same
argument can be made for the lnQ term in the non-perturbative form factor. But they do
differ for the constant term. Therefore, generically, we can write down,
SNP (Q, b) = g2(b) lnQ + g1(b; z1, z2)
STNP (Q, b) = g2(b) lnQ + g
T
1 (b; z1, z2) , (64)
where we have included a general dependence on z1 and z2 as well. Here, z1 and z2 represent
the momentum fractions in the collinear parton distributions or fragmentation functions.
Our calculations in the last subsections lead to the following results of the C coefficients,
C(DY )qq = δ(1− z) +
αs
π
(
CF
2
(1− z) + CF
4
(
π2 − 8) δ(1− z)) , (65)
C(DIS)qq = δ(1− z) +
αs
π
(
CF
2
(1− z)− 2CF δ(1− z)
)
, (66)
Cˆ(DIS)qq = δ(1− z) +
αs
π
(
CF
2
(1− z) + Pq→q ln z − 2CF δ(1− z)
)
, (67)
∆CT (DY )qq = δ(1− z) +
αs
π
(
− 1
4Nc
(1− z) + CF
4
(
π2 − 8) δ(1− z)) , (68)
∆CT (DIS)qq = δ(1− z) +
αs
π
(
− 1
4Nc
(1− z)− 2CF δ(1− z)
)
, (69)
other coefficients can be found the literature [63]. In the following numeric calculations,
however, we only keep the leading term C(0) in the above equations as a first step estimate.
To have a complete calculations, we have to solve the DGLAP evolution for both integrated
quark distribution and transverse momentum moment of the Sivers function. In Sec. IV, we
will make an attempt to estimate the partial effects coming from the evolution of the above
distributions.
C. BLNY/KN Parameterizations
The CSS resummation with b∗-prescription has been extensively applied to describe low
transverse momentum Drell-Yan and W/Z boson production in hadronic collisions, in par-
ticular, in a series publications by C.P. Yuan and P. Nadolsky and their collaborators. These
studies have demonstrated the prediction power of the CSS resummation formalism. Recent
experimental measurements at the LHC have confirmed the predictions from this resumma-
tion calculation.
In the BLNY fit, the following functional form has been chosen,
SNP = g1b
2 + g2b
2 ln (Q/3.2) + g1g3b
2 ln(100x1x2) , (70)
for Drell-Yan type of processes in pp collisions, where g1,2,3 are fitting parameters [7],
g1 = 0.21, g2 = 0.68, g1g3 = −0.2, with bmax = 0.5GeV−1 . (71)
We would like to point out a couple of points on BLNY parameterization. First, BNLY fit is
only applied to the Drell-Yan type of processes (lepton pair production via virtual photon or
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W/Z boson) with relative high Q2 (> 20GeV2). An attempt to understand the SIDIS from
HERA data in the small-x region has also been tried with different x-dependence in the
form factor [49]. Second, the x and Q2 dependence are strongly correlated. This is simply
because x1x2 = Q
2/s. Therefore, g2 coefficient is not completely reflecting Q
2-dependence in
the non-perturbative form factor. Third, the form factor also strongly depends on bmax. In
a later publication [8], Konychev-Nadolsky (KN) have addressed this issue in great details.
In that paper, they found that the following parameters,
g1 = 0.20, g2 = 0.184, g1g3 = −0.026, with bmax = 1.5GeV−1 , (72)
instead of the original BLNY parameterization. Since this parameterization has mild x-
dependence, we will use this form of the non-perturbative form factor to the Drell-Yan
process in the following numeric calculations.
The CSS resummation formalism has also been applied to study semi-inclusive hadron
production in DIS from HERA experiments as mentioned above. However, these studies
focus on the small-x region. It is interested to notice that, in order to describe the HERA
data in the small-x region, a different non-perturbative form factor was used in these studies.
In this paper, since we focus on the Sivers single spin asymmetries from HERMES and
COMPASS experiments which are mainly in the moderate x range (around 0.1) 5 , we will
not compare to the HERA data where small-x resummation might be as important as the
transverse momentum resummation.
D. Incompatibility between BLNY/KN and SIDIS Data from HER-
MES/COMPASS
In the BLNY (KN) fit to the Drell-Yan lepton pair production, the kinematics cover
mostly the moderate x range which overlaps with the SIDIS data from HERMES and COM-
PASS, in particular, where the large Sivers single spin asymmetries were observed around
x ∼ 0.1. Therefore, from the factorization and universality arguments, the non-perturbative
form factors determined in these fits shall be used to understand the quark distribution con-
tribution to the SIDIS data from HERMES and COMPASS. However, a careful examination
has shown that either BLNY or KN parameterization can not be used to describe the SIDIS
data from HERMES/COMPASS.
To illustrate this issue more clearly, in Fig. 1, we plot the non-perturbative form fac-
tor derived from these parameterizations, one from BLNY, and one from KN paper. If
we extrapolate these parameterizations down to Q2 ≈ 3GeV2 for SIDIS at HERMES and
COMPASS range, we find that
[
ln
(
e−SNP
)]
= −a(Q)b2 for typical value of x ≈ 0.1 is too
small to describe the data. For BLNY parameterization, even a negative value for a(Q) will
be found around Q2 ∼ 3GeV2, and the whole framework will break down.
The main reason of the above incompatibility is that the relative low Q2 in current
SIDIS experiments from HERMES: Q2 is in the range of 2 ∼ 3GeV2. However, in the
b∗-prescription, 1/b∗ ∼ 1/bmax ≈ 1.5GeV is also in the similar range. The consequence
5 COMPASS data also cover a relative small-x region. However, the sizable Sivers asymmetry only exists
around 0.1. To have a complete picture in the small-x, we have to take into account the small-x dependence
in the TMD evolution, which is an interesting topic but beyond the scope of current paper.
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FIG. 2: Coefficient a(Q) in the non-perturbative form factor e−SNP = e−a(Q)b
2
for the TMD quark
distribution as function of Q: the dot represents the value needed for the SIDIS [64] as compared
to the BLNY (dashed line) and KN (solid line) parameterizations for x = 0.1.
is that the Q2-dependence is mainly coming from the logarithmic dependence in the non-
perturbative form factor, rather than that from the evolution itself. This has to be corrected
in order to describe the SIDIS data from the CSS evolution.
On the other hand, for moderate Q2 variations, we shall be able to understand the
Q2-dependence by directly solving the evolution equation. For example, in the Sudakov
resummation formula, Eq. (50), we can, in principle, to study the Q2 dependence by taking
the structure functions at lower scale Q0 as input, and calculate the structure function at
higher Q using the direct integral of the kernel from Q0 to Q. That is the approach we
are going to take in comparing SIDIS from HERMES/COMPASS to Drell-Yan lepton pair
production. As we briefly shown in Ref. [47], this approach works well for Q2 range from 2
to 100 GeV2 and covers SIDIS from HERMES and COMPASS and most of the Drell-Yan
processes from the fixed target experiments. Of course, for extreme high Q such as W/Z
boson production, we have to take into account higher order corrections and back to the
complete CSS resummation.
In the following, we will show that this evolution approach can describe the transverse
momentum distribution in SIDIS and Drell-Yan processes up toQ ∼ 10GeV. Since Drell-Yan
data can also be understood from the CSS resummation with BLNY (KN) parameterization
for the non-perturbative form factors, this provides a nature match between SIDIS and
Drell-Yan experiments, and help us understand the TMD evolution in this particular energy
range. Once we understand how this works for the unpolarized cross sections, we will extend
to the Sivers single spin asymmetries in these processes.
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E. Sun-Yuan Approach
In our calculations of the SIDIS from HERMES/COMPASS, we evolve the cross sections
directly from lower to higher scale,
W˜UU(Q; b) = e
−Ssud(Q,Q0,b)W˜UU(Q0; b) , (73)
W˜ αUT (Q; b) = e
−Ssud(Q,Q0,b)W˜ αUT (Q0; b) , (74)
F˜UU(Q; b) = e
−Ssud(Q,Q0,b)F˜UU(Q0; b) , (75)
F˜ αsivers(Q; b) = e
−Ssud(Q,Q0,b)F˜ αsivers(Q0; b) , (76)
where the Sudakov form factor follows the above equation,
SSud = 2CF
∫ Q
Q0
dµ¯
µ¯
αs(µ¯)
π
[
ln
(
Q2
µ¯2
)
+ ln
Q20b
2
c20
− 3
2
]
. (77)
The above Sudakov form factor comes from the one-loop calculations of the A and B coef-
ficients of Eq. (52) in previous subsections. It has been used by Boer in previous analysis
as well [19]. In the above equation, the second terms contains b⊥ dependence which will
lead to a p⊥ broadening effects at higher Q
2 as compared to lower Q2, whereas the first and
third terms only change the normalization of the cross sections. We would like to emphasize
that the Sudakov form factor is the same for the spin-average and single-spin dependent
cross sections, because the associated evolution kernel is spin-independent. Moreover, both
Drell-Yan and SIDIS obey the same evolution equations. The difference between the hard
factors in the TMD factorization discussed in the last sections does not affect the evolution
as function of Q2.
It has been well understood that the SIDIS data from HERMES/COMPASS can be
described by a Gaussian assumption for the TMDs Ref. [64]. We follow these suggestions to
parameterize the lower Q0 structure functions as,
W˜UU(Q0, b) =
∑
q
e2q fq(x, µ = Q0) fq¯(x
′, µ = Q0)e
−g0b2−g0b2 , (78)
W˜ αUT (Q0, b) =
−ibα⊥M
2
∑
q
e2q ∆f
sivers
q (x) fq¯(x
′, µ = Q0)e
−(g0−gs)b2−g0b2 , (79)
F˜UU(Q0, b) =
∑
q
e2q fq(xB, µ = Q0) Dq(zh, µ = Q0)e
−g0b2−ghb
2/z2
h , (80)
F˜ αsivers(Q0, b) =
ibα⊥M
2
∑
q
e2q ∆f
sivers
q (x) Dq(z, µ = Q0)e
−(g0−gs)b2−ghb
2/z2
h , (81)
with Q20 = 2.4GeV
2 chosen around HERMES kinematics, where f and D represent the
integrated quark distribution and fragmentation functions and they are parameterized at
the scale of Q0 and we follow CT10 [65] and DSS [66] sets, respectively. In the above
equations, g0 and gh are chosen to be g0 = 0.097 and gh = 0.045
6. We have also simply
assumed that all the quark flavors have the same parameters of g0 and gh, which shall
6 These two parameters are not fit to the data but chosen according to the phenomenology study in Ref. [64].
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be improved later on considering the sea quark distributions ought be different from the
valence ones as demonstrated in a recent calculation [67]. The above Gaussian assumptions
are simple parameterizations to describe low transverse momentum distributions. We can
improve the prediction power of this simple assumption by adding a perturbative behavior
at small b⊥. However, since most of experimental data are in the low transverse momentum
region, the Gaussian approximation shall be adequate to describe the majority of the data.
For relative moderate transverse momentum, in particular, in high Q2 processes, we shall
improve that. The strategy of our calculations is to build match between low Q SIDIS and
moderate Q Drell-Yan processes. Once the consistency is shown between the above evolution
and the CSS resummation with BLNY (KN) parameterization of the non-perturbative form
factors, it will be safe to extend to the predictions of the Sivers single spin asymmetries in
Drell-Yan processes.
From the point of view of the TMD factorization, the above parameterizations correspond
to the following choice for the TMD quark distribution and fragmentation functions 7,
q(x, b⊥) = fq(x,Q0)e
−g0b2 , (82)
Dq(z, b⊥) = Dq(z, Q0)e
−ghb
2/z2 , (83)
f˜
⊥(DY )
1T (x, b⊥) =
−ib⊥M
2
∆f siversq (x) , (84)
f˜
⊥(DIS)
1T (x, b⊥) =
ib⊥M
2
∆f siversq (x) , (85)
at the initial scale Q20 = 2.4GeV
2. In terms of the Ji-Ma-Yuan scheme, the above expressions
contain the soft factor contributions as well. In the Collins-11 scheme, because the soft factor
has already been absorbed into the TMD quark distribution and fragmentation functions, the
above expressions are just for the quark distribution and fragmentation themselves. We use
the integrated quark distribution and fragmentation functions to parameterize the TMDs.
The scales for the integrated distribution and fragmentation functions are set around the
same scale µ = Q0. This is a reasonable choice, though it will introduce additional theoretical
uncertainties. An aspect is that these expressions can phenomenologically reproduce the
integrated distribution of the SIDIS data to a good approximation 8.
The opposite sign of the Sivers asymmetries between SIDIS and Drell-Yan processes is
reflected by the opposite sign between W˜UT (Q0) and F˜sivers(Q0) in the above equations. This
comes from the opposite sign of the quark Sivers functions in these two processes. Comparing
the above equations to those in previous sections, we find that the ∆f siversq parameterize
the transverse-momentum moments of the quark Sivers function, M∆f siversq = TF (z, z;µ =
Q0). Again, the scale setting is similar to the above argument for the unpolarized quark
distribution.
Let us first examine if the above evolution equations can describe the unpolarized cross
sections in SIDIS from HERMES and COMPASS and the existing Drell-Yan lepton pair
production in pp collisions. Because the low Q0 structure functions are parameterized ac-
cording to HERMES data, we expect they are consistent with the experimental data from
7 Additional hard factors can be included as well. In this paper, we focus on the single spin asymmetry
where the hard factors are the same for the spin-average and single spin dependent cross sections. We
simplify the expressions without taking into account the hard factors contributions.
8 Additional Y terms contributions shall be taken into account for the integrated distributions.
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FIG. 3: Multiplicity distribution as function of transverse momentum in semi-inclusive hadron
production in deep inelastic scattering compared to the experimental data from HERMES collab-
oration at Q2 = 3.14GeV2 Ref. [68]. These data are consistent with a Gaussian assumption in low
energy scale Eq. (80).
HERMES. Indeed, we show the comparisons between our calculations and the experimental
data from HERMES collaboration on the charged hadron multiplicity distribution as func-
tion of the transverse momentum of final state hadron for different z regions. To obtain the
multiplicity distribution, we divide the differential cross section by the leading order total
cross section, which contains an overall normalization uncertainty. We hope in the future
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FIG. 4: Multiplicity distribution as function of transverse momentum in semi-inclusive hadron
production in deep inelastic scattering compared to the experimental data from COMPASS col-
laboration at Q2 = 7.56GeV2 with moderate x = 0.1 range of Ref. [69] on deuteron target. The
COMPASS data, in particular, for the p⊥ distributions, are consistent with the Sun-Yuan approach
for the TMD evolution with a Gaussian assumption in low energy scale Eq. (80).
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that the differential cross sections for charged particles can be measured, and directly com-
pared to the theory calculations. From these plots, we can see that the Ph⊥ distributions
of the charged particle productions agree with the simple Gaussian parameterization. Since
Q2 = 3.14GeV 2 is not so different from the lower scale Q20 = 2.4GeV
2, the evolution effects
is not evident from the above comparison. We notice that the comparison at higher z bin
is not as good as moderate z bins. This difference has also been noted in Ref. [68], where
the integrated multiplicity was compared to the quark fragmentation function parameteriza-
tion [66]. In particular, for π−, the data seems larger than the calculation based on the DSS
fragmentation function in the large z region. Since we have followed the DSS fragmentation
functions, our predictions underestimated the experimental data at large z. We hope future
experiments can provide more data in this region that we can constrain the theory more
precisely.
The COMPASS experiment [69] covers a wider range of Q2. In particular, in the similar
x-region, the overall Q2 is about a factor of 2 larger than that for HERMES experiment.
Therefore, there shall be some Q2 evolution effects in the Ph⊥ distribution for charged
hadron production. In Fig. 4, we compare our predictions to the COMPASS data. Again,
the multiplicity is obtained by dividing the total cross section. An additional normalization
factor of 1.3 is included in these plots, which shall account for difference in the luminosity
measurements in these two experiments and the possible higher order corrections. From these
plots, we find an overall agreement between the theory and experiments. As we emphasized
before, in this paper, we focus on the kinematic region of moderate x range: x ∼ 0.1. We
do not compare our calculations with relative small-x region of the COMPASS data. In
the future, we hope to come back to this region, where small-x effects in the transverse
momentum distribution have to be taken into account.
Now, we turn to the Drell-Yan experimental data, which spans even higher Q2 region.
To calculate the transverse momentum spectrum for this process, we apply the universality
of the TMD quark distributions, and the evolution equation from Q0 scale to higher Q. In
Fig. 5, we plot the comparisons between the theory calculations with the experimental data
from E288 collaboration, where we have included an overall normalization to account for the
uncertainty in the luminosity in the experiment and higher order corrections.The broadening
effects for the Drell-Yan processes are well reproduced by the evolution effects of Eqs. (50,77).
More comparisons between the theory calculations with the Drell-Yan data are plotted in
Fig. 6. From these comparisons, we can clearly see that the evolution effects calculated
from the above equations can well describe the experimental data on the unpolarized cross
sections. In particular, in our calculations, the TMDs are parameterized in a Gaussian form
at low scale Q0 with a single parameter g0, and the Q
2 dependence is calculated from the
direct integral of the evolution kernel. It is almost a parameter free prediction.
As we mentioned in the Introduction, the Drell-Yan data of Figs. 5 and 6 are also exten-
sively studied in the CSS resummation formalism. These data are actually used to constrain
the associated non-perturbative form factors. To demonstrate the matching between the
Sun-Yuan approach and the CSS resummation with b∗-prescription as we outlined in the
Introduction, in these two plots, we also compare our calculations to the predictions from
the CSS resummation with KN parameterization for the non-perturbative form factor. In
these comparisons, we particularly focus on the normalized p⊥ distribution which is cru-
cial to estimate the single spin asymmetries in the latter calculations (Sec. V). Therefore,
in the calculation, we neglect the scale dependence in the collinear parton distributions in
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the CSS resummation 9, where we have the following formula for the Drell-Yan lepton pair
production,
W˜UU(Q; b) = e
−Spert(Q2,b∗)−SNP (Q,b)Σqfq(z1, Q0)fq¯(z2, Q0) , (86)
where Spert with A(1) and B(1) and SNP (Q, b) take the forms as in Eqs. (56) and (70,72),
respectively. The scale of the integrated quark distributions has been fixed at µ2 = Q20 =
2.4GeV 2. These comparisons aim at a consistent check between our approach and the CSS
resummation. For precise description of the experimental data, we need to implement the
complete CSS resummation with the integrated quark distribution setting at the scale of
µ = 1/b∗. From these comparisons, we also see that the non-perturbative form factor is
the crucial part in the CSS resummation calculations for the p⊥ spectrum for Drell-Yan
processes.
Figs. 5 and 6 provide an important evidence that we can match the different evolution
formulas: at relative lower region of Q2 we can apply the evolution equations of Eqs. (76,78);
at higher region of Q2 we apply the CSS resummation with the KN non-perturbative form
factors; in the overlap region, both can be applied and present a consistent description of
the experimental data. From these figures, we also observe that the CSS resummation with
KN form factors describes better the experimental data than Sun-Yuan approach of the
direct integral of the TMD evolution kernel. This indicates that we shall switch to the CSS
resummation at high Q2 Drell-Yan process, in particular, for W/Z boson production.
The support of the matching from the above analysis encourage us to extend the above
method to the Sivers single spin asymmetries in the SIDIS and Drell-Yan processes. How-
ever, the Sivers asymmetries are only observed in the SIDIS processes from HERMES and
COMPASS experiments. Therefore, the measurements in the planed Drell-Yan processes
will not only provide crucial test of the sign change between these two processes, but also
provide unique opportunities to study the energy evolution for the spin asymmetries. This
QCD dynamics shall be extensively investigated in the planed electron-ion colliders where
wide coverage of Q2 will ultimately help us understand the physics to great precision [1].
F. Rogers et al. Approach
Before we turn to the Sivers single spin asymmetry study in our calculation, in this
subsection, we comment on the approach used in Rogers et al. By following Collins’ new
definition for the TMD quark distributions, Rogers et al. derived an evolution equation the
TMDs. However, in terms of cross section calculations, there is a simple way to understand
the evolution derived by Rogers et al. For example, we can write down two equations by
employing the CSS resummation with b∗-prescription,
F˜ αsivers(Q; b) = e
−Spert(Q2,b∗)−SNP (Q,b)F˜ αsivers(C1/b, b)
F˜ αsivers(QL; b) = e
−Spert(Q2L,b∗)−SNP (QL,b)F˜ αsivers(C1/b, b) . (87)
9 We have also checked these results with the complete implementation of the CSS resummation, and found
they are in a reasonable agreement, see also, e.g., the detailed calculations of Ref. [8].
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FIG. 5: Differential cross section for Drell-Yan lepton pair production in hadronic collisions from
E288 collaboration [70] compared to the theory predictions with TMD evolution from low energy
scale Q20 = 2.4GeV
2, Eqs. (73,77,78). The predictions calculated from the TMDs from Rogers
et al are also shown as red curves. As a comparison, we also show predictions from the CSS
resummation with the integrated quark distribution set at the scale µ = Q0, which gives similar
results as distribution set at the scale µ = 1/b∗.
By combining the above two equations, we find that F (Q) can be written in terms of F (QL),
F˜ αsivers(Q; b) = e
−(Spert(Q,b∗)−Spert(QL,b∗))
×e−(SNP (Q,b)−SNP (QL,b))
×F˜ αsivers(QL; b) . (88)
The second exponential factor can be easily calculated e
−g2b2 ln
Q
QL . It is this factor that
leads to strong Q dependence in the SSAs calculated in this approach in the relative low Q
region. However, this behavior over-predicts broadening effects in the Drell-Yan lepton pair
production as compared to the experimental data. In other words, the adoption used by
Rogers et al is not supported by the experimental data. In particular, the flat distribution
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FIG. 6: Same as Fig. 5 for Drell-Yan data from E605 Collaboration [71].
of the transverse momentum as shown in Figs. 5 and 6 from Rogers et al. will lead to
almost vanishing Sivers single spin asymmetries in the Drell-Yan processes in this transverse
momentum region. Therefore, all the previous studies following this approach have to be
re-examined, including, most importantly, the energy evolution for the Sivers single spin
asymmetries.
IV. QUARK SIVERS FUNCTIONS FROM COMBINED ANALYSIS OF HERMES
AND COMPASS DATA
To predict the Sivers single spin asymmetries in Drell-Yan processes, we need to constrain
the quark Sivers functions from the current experimental measurements in SIDIS processes.
In this section, we will perform a combined analysis of these measurements, and obtain
constraints on the quark Sivers functions. A couple of comments are in order before we
perform the combined fit. Our analysis of quark Sivers functions depends on the following
assumptions: First, we assume that the systematics of the HERMES and COMPASS exper-
iments are well under control. Both experiments have observed sizable Sivers asymmetries,
in particular for positive charged hadrons (π+ for HERMES). Second, our analysis relies
on the applicability of the TMD factorization in these kinematics. Third, the experimental
data are used to fit the quark Sivers functions, where we assume that it is the only contribu-
tion to the observed azimuthal asymmetries. All these important issues will be thoroughly
addressed in the future SIDIS experiments, including the 12 GeV upgrade of JLab and the
planed electron-ion collider. In addition, the relevant spin asymmetries in the Drell-Yan lep-
ton pair production in pp collisions in the proposed experiments shall also provide important
information on the quark Sivers functions. We will discuss this in more details in Sec. V.
As we have showed in the last section, the evolution equations we derived for the moderate
Q2 range, can well describe the unpolarized differential cross sections in SIDIS and Drell-
Yan processes which cover 2.5 < Q2 < 100GeV2. This demonstrates that the dominant
evolution effects are taken into account in our derivations. In the following, we extend this
approach to the Sivers single spin asymmetries in SIDIS process, and perform a combined
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fit to the HERMES/COMPASS data with the TMD evolution effects. Since the evolution
kernel and the form of the solution is spin-independent, the structure functions at higher
scale Q are calculated from those from lower scale Q0 with the Sudakov form factor, where
M = 0.94GeV is a normalization scale, and we have chosen an additional parameter gs for
transverse momentum dependence and the fragmentation part remains the same. In the
following, we will fit Sivers functions by the forms:
∆f siversu = Nux
αu(1− x)β (αu + β)
αu+β
ααuu β
β
fu(x, µ = Q0) ,
∆f siversd = Ndx
αd(1− x)β (αd + β)
αd+β
ααdd β
β
fd(x, µ = Q0) ,
∆f sivers(u¯,d¯,s) = N(u¯,d¯,s)x
αs(1− x)β (αs + β)
αs+β
ααss β
β
f(u¯,d¯,s)(x, µ = Q0) . (89)
where fu, fd and f(u¯,d¯,s) are integrated quark distributions at initial scale µ = Q0. As we
have showed in the last section, that F˜UU from the above equations can describe well the
transverse momentum distributions in SIDIS experiments in HERMES/COMPASS kinemat-
ics. Therefore, the observed Sivers asymmetries can be used to constrain the quark Sivers
functions.
In total we have ten parameters in the fit: Nu, Nd and N(u¯,d¯,s) for the normalization,
αu, αd, αs and β for x and (1 − x) power behavior, and gs for the transverse momentum
dependence in the Sives function. In our fit, we include the Sivers asymmetries in SIDIS,
which include π+, π−, π0, K+, K− from HERMES/COMPASS, and positive and negative
charged hadrons from COMPASS. We include all these in our fit 10. The total number
of data points are 255. We use minimum χ2 fit by the MINUITE program package. The
resulting fit gives χ2/d.o.f = 1.08. The parameters are found to be,
Nu = 0.13± 0.023, αu = 0.81± 0.16, β = 4.0± 1.2 ,
Nd = −0.27± 0.12, αd = 1.41± 0.28 ,
Ns = 0.07± 0.06, αs = 0.58± 0.39 ,
Nu¯ = −0.07± 0.05 ,
Nd¯ = −0.19± 0.12 ,
gs = 0.062± 0.0053 . (90)
We plot the comparisons between our fits to the experimental data in Figs. 7 and 8.
The determined Sivers functions are plotted in Fig. 9. From the above fits, we clearly
see that the Sivers asymmetries in SIDIS from HERMES and COMPASS experiments have
demonstrated the sizable quark Sivers functions. However, because of the experimental
error bars are still large, the constraints on the quark Sivers functions are not strong enough
to obtain a precise picture of the up and down quark Sivers functions. But, a number of
features can be derived from the above analysis. First, the up quark Sivers function was
best determined. This is because of the charge enhancement of the up quark as compared
to the down quark. In other words, the SIDIS with proton target is most sensitive to the up
quark contribution. Second, although the down quark Sivers was not strongly constrained
10 The last z bins from COMPASS are too close to 1, and we do not include them in the fit.
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of xB, zh, and Ph⊥: HERMES data [29].
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FIG. 9: Moments of the quark Sivers functions ∆fq = TF (x, x)/M fitted to HERMES and
COMPASS data: up and down quark (left) and anti-up quark (right). Upper and lower curves for
the uncertainties.
from the current experimental observations, it seems that down quark Sivers function might
be opposite to that of the up quark Sivers function in sign, with larger uncertainties though.
Third, there is no constraints for the sea quark Sivers function at all. We need future
experiments to pin down both down quark Sivers function and sea quark Sivers functions.
As we mentioned above, SIDIS measurements in the 12 GeV upgrade of JLab and the planed
electron-ion collider experiments, plus the Drell-Yan experiments which we will discuss in
the following section, shall help us to achieve these goals.
Quark Sivers functions have been phenomenologically constrained from HER-
MES/COMPASS experiments by several groups in the literature [39, 40, 43, 44, 46]. In
the following, we briefly comment on the comparisons with these studies. First, early stud-
ies only consider the factorization of the SIDIS and the quark Sivers functions are determined
by comparing the theory calculations with the experimental data without taking into ac-
count the Q2-evolution effects. Second, Ref. [46] has first started an analysis with TMD
evolution following Rogers et al. approach. As we have demonstrated above, Rogers et
al. approach overestimated the TMD evolution effects. The combined analysis of Ref. [46]
might need to be re-examined.
By comparing with previous constraints on the quark Sivers function, we notice an in-
teresting aspect: our results agree roughly with the fits done without the TMD evolution
effects. This comes from the fact that the HERMES and COMPASS experiments do not
differ much on Q2, and the evolution effects from our calculation is not so strong as naively
expected. Certainly, more theoretical studies are needed to check the evolution effects.
As we emphasized above, in this paper, we focus on the quark Sivers functions in the
moderate x range around 0.1. this is also the region where the sizable Sivers single spin
asymmetries are observed by HERMES/COMPASS experiments. For small-x region quark
Sivers functions, there are additional theoretical uncertainties from the TMD evolution,
which has only be tested for moderate x range as we showed in the last section. Therefore,
the constraints for small-x region quark Sivers function have to be taken a particular caution.
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V. SIVERS SSAS IN DRELL-YAN AND W/Z BOSON PRODUCTION
In this section, we present the predictions on the Sivers single spin asymmetries in Drell-
Yan lepton pair production and W/Z boson production in polarized pp collisions. These
predictions not only serve as important base lines for the sign change tests of the Sivers
asymmetry in these experimental proposals, but also provide guidelines for precision mea-
surement of the TMD quark Sivers functions. In particular, the combination of different
kinematic coverages in these experiments shall help to identify down quark and sea quark
Sivers functions beyond what we can extract from the current HERMES/COMPASS ex-
periments. Therefore, in the following, we will also highlight the opportunities in these
experiments.
Since the observation of the Sivers single spin asymmetries in semi-inclusive hadron pro-
duction in deep inelastic scattering process, there have been several proposals to measure
the Sivers asymmetries in Drell-Yan lepton pair production in pp collisions. The main focus
is to observe the sign change between the Sivers asymmetries of these two processes. This is
a fundamental prediction from QCD gauge theory, which is also crucial to understand the
strong interaction dynamics, such as the factorization and energy evolution.
Two important issues arise when we predict the SSAs for the proposed Drell-Yan ex-
periments. One is the flavor dependence, i.e., how precise the quark Sivers functions can
be determined from the SIDIS experiments from HERMES/COMPASS collaborations. An-
other important issue is the energy dependence of these observables. The SIDIS experiments
from HERMES and COMPASS are mainly in the relative low Q2 ∼ 3GeV2 range, whereas
the Drell-Yan processes are typically range of Q2 from 20GeV2 to 100GeV2. We have to
understand the energy evolution of the Sivers spin asymmetries before we can make precise
predictions.
The last few sections of this paper are dedicated to understand correctly the energy evo-
lution of the hard processes in SIDIS and Drell-Yan lepton pair productions, including the
unpolarized cross sections, and the Sivers single spin asymmetries. Our strategy has always
been to test the evolution for the unpolarized cross sections before we can apply to the
spin-dependent observables. We have been able to show that the energy evolution equations
we used can successfully describe the transverse momentum distributions in SIDIS from
HERMES/COMPASS experiments and Drell-Yan lepton pair production in fixed target ex-
periments. HERMES/COMPASS experiments are where we observed the Sivers single spin
asymmetries, whereas the Drell-Yan processes in our study are close to the kinematics of
future proposed experiments to measure the Sivers single spin asymmetries. Most impor-
tantly, all these experiments (including SIDIS from HERMES/COMPASS and Drell-Yan
in fixed target experiments) cover similar range of x. Therefore, we do not have to worry
too much on additional complication involving x-dependence in the non-perturbative form
factors in the TMD evolutions.
Let us briefly summarize our procedure to predict the SSAs in the Drell-Yan processes. We
will mainly use the CSS resummation formalism in terms of the collinear parton distribution
and correlation functions. The Sivers asymmetries depend on the transverse-momentum
moments of the quark Sivers functions in the CSS resummation formula, which we will use
the parameterization we extracted from the combined fit of the HERMES and COMPASS
data from the last section. The non-perturbative form factors will follow those in Konychev-
Nadolsky result, which are fitted to unpolarized Drell-Yan and W/Z boson production data.
For the single spin dependent cross sections, the difference in the non-perturbative form
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factor gs was also fitted to the HERMES/COMPASS data. Since the Q-dependence of the
non-perturbative form factors are the same for the spin-average and single-spin dependent
cross sections (they obey the same evolution equation), this difference will not depend on
Q. The fitted gs will be applied to the SSAs in Drell-Yan and W/Z production processes.
Before we present the detailed predictions for the Drell-Yan and W/Z processes, we would
like to show that the consistency between the evolution we studied in Sec.IV and V and those
from the CSS resummation with KN non-perturbative form factors. This will demonstrate
that we do have a consistent match between relative low Q (from which we extract the quark
Sivers functions) and moderate high Q (up to W/Z boson productions).
A. Matching SIDIS to Drell-Yan and W/Z Boson Production in pp Collisions
In Sec.III, we have shown that for the unpolarized Drell-Yan cross sections from the fixed
target experiments, the TMD evolution of Sun-Yuan approach is consistent with the CSS
resummation with KN parameterization of the non-perturbative form factors, see Figs. 5
and 6. In this subsection, we will demonstrate that for the Sivers single spin asymmetries,
both calculations will yield consistent predictions as well. This shall further strength the
matching of the TMD evolution between relative low Q SIDIS and moderate high Q Drell-
Yan processes.
The Sivers single spin asymmetries in Sun-Yuan approach are calculated with the ex-
pressions in Eqs. (73,78) for the unpolarized cross section, and equations of (74,79) for the
single spin dependent cross section. We take the quark Sivers functions determined by the
combined analysis in the last section. As mentioned before, the “special” universality of
the quark Sivers function between Drell-Yan and SIDIS is reflected by the sign difference in
Eqs. (79) and (81).
To calculate the Sivers single spin asymmetries in the CSS formalism, we follow what has
been done for the unpolarized cross section of Eq. (70), and write down W˜UT as
W˜UT (Q; b) =
(−ibα⊥
2
)
e−Spert(Q
2,b∗)−STNP (Q,b)ΣqT
q
F (z1, z1;Q0)q¯(z2, Q0) , (91)
where SNP follows Eqs.(70,72), and
STNP (Q, b) = SNP (Q, b)− gsb2
with gs = 0.062 fit from the HERMES and COMPASS experiments. TF (z) is calculated
from the quark Sivers function,
TF (z, z;µ = Q0) =
∫
d2k⊥
(2π)2
k2⊥
M
f
⊥(DY )
1T (z, k⊥) =M∆f
sivers(z) , (92)
where ∆f sivers(z) has been determined from the combined analysis in the last section. The
above identification depends on the TMD factorization, and the CSS resummation derived
in Sec. II. Of course, the integrated parton correlation function, such as TF (x, x) depends on
the scale, which is not easy to identity in the above equation. We argue that the TMD quark
Sivers functions are determined at the low energy Q0, which indicates that the moments of
the quark Sivers functions calculated from the fit shall be in the similar range. Therefore,
we shall be able to identify the scale for TF as Q0. We notice that this will introduce some
35
theoretical uncertainties. In particular, the scale evolution for TF is more complicated than
that for the unpolarized quark distribution. In order to estimate the uncertainties that come
from the scale setting, in the following we will make a rough estimate to see how large the
scale setting affect the final results for the single spin asymmetries.
The evolution equation for TF has been derived in the literature. To solve this equation
completely, we need input from TF (x1, x2) functions and T˜F , and gluonic contributions as
well. The complete solution is not available at current stage. As a first step, we take an
approximate form of the splitting kernel, i.e., large ξ limit. This should be relevant, in
particular, in current case that the quark Sivers function mainly concentrate in the valence
region. This limit has been discussed in Ref. [58], where the evolution can be simplified as
∂
∂ lnµ
TF (z, z;µ) =
αs
2π
∫
dx
x
TF (x, x;µ)
[
CF
(
1 + ξ2
(1− ξ)
)
+
− CAδ(1− ξ)
]
, (93)
where ξ = z/x. In Ref. [58], it is further argued that an approximate solution of the above
equation would lead to the following behavior for TF (z),
TF (x, x,Q
2)/fq(x,Q
2) ∼
(
αs(Q
2)
αs(Q20)
)2Nc/b0
. (94)
Since we have determined the TF at the scale around µ
2 = 2.4GeV2, we will be able to solve
the above evolution equation numerically, by using the HOPPET program [72]. We show
the solution in Fig. 10. It is interesting to find that, indeed, in the valence region, the above
approximation works for both up and down quark Sivers functions.
Although the scale dependence is stronger for TF as compared to the unpolarized quark
distribution according to the evolution equation, its effects on the p⊥ distribution from the
resummation formalism may not be as strong as naively expected. This is because, in the
CSS resummation formalism Eq. (55), the scale for both TF and fq is set at µ = 1/b∗ which
does not change much withQ. To estimate this effect, we calculate the transverse momentum
dependence of the Sivers single spin asymmetries in Drell-Yan lepton pair production of
Q = 5.5GeV at a typical fixed target experiment with
√
S = 20GeV, with three different
assumptions: (1) CSS resummation with fixed scale for the parton distributions and the
transverse momentum moment of the quark Sivers function TF as µ = Q0; (2) including
the scale dependence in these two distributions as µ = c0/b∗; (3) Sun-Yuan approach from
a direct integral of the Sudakov kernel from Q0 to Q. These comparisons are plotted in
Fig. 11.
From this plot, in the low transverse momentum region, we can see that these calcu-
lations present consistent predictions for the SSAs. At higher transverse momentum, the
TMD evolution of Sun-Yuan approach predicts smaller SSAs than that from the CSS resum-
mation formalism with the two implementations (1) and (2). This comes from the Gaussian
assumption of the TMDs at lower scale Q0 which leads to more suppression of the spin asym-
metry at moderate transverse momentum. However, with the CSS resummation correcting
behavior for the transverse momentum distribution, this can be improved. Another point
is the evolution of TF (implementation (2)) increases the asymmetry predictions than that
without TF evolution. This is because for fixed scale, we have used µ
2 = 2.4GeV2, whereas
at moderate transverse momentum the scale for TF in (2) is around 1/bmax, and is smaller
than Q0. This will lead to larger TF contribution to the Sivers single spin asymmetries.
This difference highlight the opportunities to study the QCD dynamics in this transverse
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FIG. 10: Transverse-momentum moments of the quark Sivers functions TF divided by the unpo-
larized quark distributions for up and down quarks, at the scale µ2 = Q20 = 2.4GeV
2, 5GeV2, and
10GeV2, respectively. TF (z, µ) is obtained by solving the simplified evolution equation Eq. (93)
with input parameterization at the initial scale Q0.
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FIG. 11: Compare the predictions for the Sivers asymmetries in Drell-Yan lepton pair production
in polarized pp collisions: center of mass energy
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momentum region, because it is sensitive to the QCD evolution. We hope in the future the
Sivers single spin asymmetries can be measured in Drell-Yan process in the relative high
transverse momentum region.
These two plots demonstrate that we do have a consistent picture for the Sivers single
spin asymmetries in the Drell-Yan lepton pair production in the mass region of interest
in the fixed target experiments. One approach (Sun-Yuan) uses the TMD evolution from
SIDIS of HERMES/COMPASS to Drell-Yan processes; one approach uses the resummation
formulas only for Drell-Yan processes but with the collinear correlation functions (transverse-
momentum moments) extracted from HERMES/COMPASS experiments. The agreement
between these two calculations shows that we understand the energy evolution effects on
the Sivers single spin asymmetries.
In particular, the size and slope of the SSAs calculated from the above formulas in the
low transverse momentum region agree with each other. This region is mainly determined
by the ratio between the quark Sivers function and unpolarized quark distribution. The
agreements indicate that the identification of TF (z, z) with M∆fsivers is appropriate for
the Sivers single spin asymmetry calculations. Of course, the difference in the relative
high transverse momentum region will introduce additional theoretical uncertainties. From
Fig. 11, we can estimate that the difference is around 10% for the integrated asymmetries.
In the following, we will present the predictions with the CSS formalism and KN non-
perturbative form factors. This approach does better job for moderate transverse momen-
tum. In addition, it is the only approach that would predict correctly the cross section and
spin asymmetries for W/Z production at RHIC.
We would like to add one more comment. From the analysis of the last section, we know
that the uncertainties of the extracted quark Sivers functions from the HERMES/COMPASS
experiments is not negligible. Therefore, in the following calculations, we will present the
predictions with the standard one sigma uncertainty estimate for the Sivers single spin
asymmetries in the Drell-Yan processes.
B. Drell-Yan Process in COMPASS at CERN
The COMPASS collaboration has planed to run Drell-Yan experiments in the coming
years. They will use π− beam with energy 190GeV scattering on the polarized hydrogen
target. The kinematic coverage can be found in the publication of Ref. [34].
In order to make predictions for this experiment, we assume the non-perturbative form
factors for π−N scattering follows the same KN parameterization. The predicted asymme-
tries as functions of xp (the momentum fraction of the proton carried by the di-lepton pair).
The average Q2 from the experimental simulation has been used in the calculations of the
Sivers single spin asymmetries.
An important feature of this experiment is that the incoming π− is dominated by u¯
and d quarks from the pion, which leads to the dominant contribution from the up quark
Sivers functions. The up quark Sivers function is constrained by the HERMES/COMPASS
experiments. Therefore, the theory uncertainties are relative small.
There have been plan to measure the Sivers single spin asymmetries in the low mass region
between 2 and 3 GeV for the di-lepton production in COMPASS experiment. However,
in this mass region, we do have background from hadronic decays. Nevertheless, it will
be interesting to measure the single spin asymmetries in these kinematics, including J/ψ
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FIG. 12: Predictions for the Sivers single spin asymmetry for the Drell-Yan process at COMPASS,
with pi− beam of 190GeV, as function of xp. We have chosen the average xπ ≈ 0.55 and integrate
transverse momentum up to 2GeV.
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FIG. 13: Predictions for the Sivers single spin asymmetry for the Drell-Yan process at Fermilab
fixed target experiments, with proton beam of 120GeV, as function of x for the polarized proton:
polarized beam (left) and polarized target (right).
resonance. The latter process shall provide some information on the gluon Sivers function
in the relevant kinematics.
C. Fermilab Fixed Target Experiments
The proposal of the polarized Drell-Yan experiments at the Fermilab contain two possible
options [35]: polarized beam or polarized target. Both cases can be used to measure the
Sivers single spin asymmetries in the Drell-Yan lepton pair production. In the proposed
experiment, the incoming beam has energy of 120GeV.
Different from the Drell-Yan experiments at COMPASS, the Fermilab proposal have
proton-proton scattering. The flavor structure will be very different from that in COMPASS.
This is because in the proposed kinematics, the sea quark contribution to the unpolarized
cross section is not negligible. Therefore, we would expect that the sea quark Sivers functions
will play an important role as well.
In Fig. 13, we plot our predictions for the Sivers single spin asymmetries in the Drell-Yan
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FIG. 14: Predictions of the Sivers single spin asymmetries for Drell-Yan process as function of
rapidity at RHIC with
√
S = 500GeV.
process at the fixed target experiment at Fermilab with polarized beam (left) or polarized
target (right) options. For the beam polarization case, we show the Sivers single spin asym-
metry as function of x1 where x1 is the momentum fraction of the polarized proton beam
carried by the virtual photon in the final state, and we have chosen the average 〈x2〉 = 0.3
from the kinematic simulation of the experimental proposal. Clearly, this experiment will
mostly cover the valence region of the polarized proton, x1 ≥ 0.30, which is beyond the
current HERMES/COMPASS measurements. Our predictions come from the extrapolation
of the function form constrained by the HERMES/COMPASS experiments. The measure-
ments of this asymmetry in the proposed experiment shall, for the first time, investigate the
Sivers asymmetries in this kinematic region.
On the other hand, for target polarization, because x1 is still around valence region
and the quark distribution is dominated by the valence up quark, the Sivers single spin
asymmetry will be very sensitive to anti-up quark Sivers function. If there is no sea quark
Sivers function, the asymmetry will be very small. However, with sea quark Sivers function
allowed from HERMES/COMPASS experiments, we find that the Sivers asymmetry in Drell-
Yan process at this experiment is relative sizable although the uncertainties are large. The
predictions are shown in the right panel of Fig. 13, where average of 〈x1〉 = 0.55 has been
used in the calculations. The observation of this asymmetry will definitely signal non-zero
sea quark Sivers function in this relevant kinematics.
D. Sivers Asymmetries in W± Production and Drell-Yan process at RHIC
Drell-Yan lepton pair production at RHIC of Brookhaven National Laboratory has been
proposed for quite some time. We have presented the predictions for this experiment in
Ref. [47]. With the CSS resummation and KN parameterization for the non-perturbative
form factors, we also estimated the asymmetries in Drell-Yan process at RHIC, and we
obtain similar results as we showed in [47]. In Fig. 14, we show the predictions for the
Drell-Yan process in
√
S = 500GeV.
Besides the Drell-Yan process, RHIC experiments can, in principle, measure the Sivers
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FIG. 15: Predictions for the Sivers single spin asymmetries for W+ (left) and W− (right) produc-
tions at RHIC with
√
S = 500GeV at mid-rapidity as functions of the transverse momenta of the
vector bosons.
single spin asymmetries in W± boson production in polarized proton-proton collision st√
S = 500GeV. Early calculations have emphasized the unique opportunity to test the sign
change [73, 74]. In the following, we present the asymmetries calculated with the quark Sivers
functions determined from HERMES/COMPASS experiments with the evolution effects
taken into account.
For W+ production, it is dominated by the Sivers up quark and anti-down quark from
the polarized proton. As shown in Fig. 15, two important features can be found from our
calculations: first, the prediction is much reduced as compared to the previous calculations;
second, anti-down quark Sivers function also contributes significantly. However, because the
uncertainties associated with the sea quark contribution is not negligible, even the sign of
the Sivers asymmetries is not well constrained.
On the other hand, W− production is dominated by down quark and anti-up quark
Sivers functions. Again, both quantities are not well constrained from HERMES/COMPASS
experiments. Therefore, the observation of this asymmetry will tell us on the sea quark
polarization.
We would like to emphasize that for W/Z boson production, the TMD evolution directly
from low scale can not describe the p⊥ spectrum. For this, we have to use CSS resummation.
The main reason is that the perturbative gluon radiation dominates the low transverse
momentum W/Z production, whereas the low scale TMD is not easy to generate these
contributions. It may be improved by taking into account perturbative tail in the TMD
quark distribution at low Q scale.
VI. SUMMARY AND CONCLUSION
In this paper, we have investigated the TMD evolution effects on semi-inclusive DIS and
low transverse momentum Drell-Yan lepton pair production in pp collisions, consistently
describing both unpolarized and single transverse spin Sivers asymmetries. In particular,
we have built up a framework to match SIDIS and Drell-Yan, which can cover the TMD
physics with Q2 from 2 GeV2 to 104GeV2 (for W/Z boson production). By doing so, we con-
strained the transverse-momentum moments of the quark Sivers functions from the combined
analysis of the HERMES/COMPASS data on the Sivers single spin asymmetries in semi-
inclusive hadron production in DIS process with the TMD evolution for the spin-average
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and single-spin dependent differential cross sections. The TMD evolution was carefully ex-
amined against the transverse momentum distribution of unpolarized SIDIS and Drell-Yan
processes in the Q2 range from 2 to 100 GeV2. Our approach agrees well with the existing
experimental data.
Most importantly, we have demonstrated the matching between our evolution calcula-
tion with the well-established CSS resummation formalism with b∗-prescription and the
KN parameterization of the non-perturbative form factors, for the spin-averaged cross sec-
tions, as well as the Sivers single spin asymmetries, in Drell-Yan lepton pair production
in pp collisions. This shows that our calculations are consistent within SIDIS from HER-
MES/COMPASS and Drell-Yan lepton pair production. Future experiments will provide
important cross checks of our results.
A number of improvements shall follow. First, for the Drell-Yan lepton pair production,
we shall include the DGLAP evolution in the CSS resummation, although the effects is not
so large for low to moderate transverse momentum region. As we have shown in Fig. 11,
in the relative high transverse momentum region, the DGLAP evolution is evident, and
shall be able to distinguish different dynamics in the TMD evolution. Hope we will have
precise experimental data in the future, which will provide unique opportunity to study the
associated dynamics.
Second, our approach builds connection between relative low Q hard processes to those
with high Q2 (up to W/Z production): low Q with direct integral of the evolution kernel;
high Q with CSS resummation with b∗ prescription. It will be nice to have a single framework
to calculate both unpolarized and spin-dependent cross sections. To do that, we have to
modify the current assumption on the non-perturbative form factors used in the literature.
This will need additional research effort. We will come back to this issue later.
Third, in this paper, we only focused on the moderate x range, where the x-dependence in
the non-perturbative form factors in the CSS resummation is not so evident. In the future,
we shall extend the studies to the small-x region as well. For this, the HERA experiments
have published data on SIDIS processes, and shall be taken into account for a global analysis.
In addition, the TMD evolutions we derived for the spin-averaged and spin-dependent
cross sections can serve as guidelines for future theoretical developments. An immediate
extension is to analyze the Collins asymmetries in SIDIS and di-hadron production in e+e−
annihilations. We will present a detailed calculations in a separate publication.
VII. ACKNOWLEDGEMENTS
We thank Z. Kang and B. Xiao for early collaboration related to Ref. [21]. We thank
A. Bressan, A. Martin, G. Schnell for communications concerning HERMES and COMPASS
experimental data. We also thank Center of High Energy Physics, Peking University, for
the warm host of our visits, during which this paper is finished. This work was partially
supported by the U. S. Department of Energy via grant DE-AC02-05CH11231.
42
Appendix A: Useful Fourier Transform Formulas
Let us start with the simple Fourier transform of 1/q2⊥, in the n = 2− 2ǫ dimension,
αs
2π2
∫
dnq⊥
(2π)n
1
q2⊥
eiq⊥·b⊥ =
αs
8π3
(
4
4πb2⊥µ
2
)−ǫ
Γ(−ǫ)
=
αs
8π3
[
−1
ǫ
+ ln
c20
b2⊥µ
2
]
MS
, (A1)
where c0 = 2e
−γE with γE Euler constant, and the last equation is done with MS subtraction.
The leading double logarithmic term leads to the double pole contribution,
αs
2π2
∫
dnq⊥
(2π)n
1
q2⊥
ln
Q2
q2⊥
eiq⊥·b⊥ =
αs
8π3
(
4
4πb2⊥µ
2
)−ǫ
lim
α→0
∂α
[(
Q2b2⊥
4
)α
Γ(−ǫ− α)
Γ(1 + α)
]
=
αs
8π3
[
1
ǫ2
− 1
ǫ
ln
Q2
µ2
+
1
2
(
ln
Q2
µ2
)2
− 1
2
(
ln
Q2b2⊥
c20
)2
− π
2
12
]
MS
. (A2)
For the Sivers spin asymmetry, we have qβ⊥ in the Fourier transform, which can be related
to the above integral,∫
dnq⊥
(2π)n
qβ⊥
(q2⊥)
2
eiq⊥·b⊥ =
(
ibβ⊥
2
)∫
dnq⊥
(2π)n
1
q2⊥
eiq⊥·b⊥ . (A3)
However, for the leading double logarithmic term, we have an additional term,∫
dnq⊥
(2π)n
qβ⊥
(q2⊥)
2
ln
Q2
q2⊥
eiq⊥·b⊥ =
(
ibβ⊥
2
)[∫
dnq⊥
(2π)n
1
q2⊥
ln
Q2
q2⊥
eiq⊥·b⊥ −
∫
dnq⊥
(2π)n
1
q2⊥
eiq⊥·b⊥
]
.(A4)
This additional term comes from the fact that the Sivers function is 2-dimension vector
depending on the transverse momentum.
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